IBM Research

Stochastic Bi-level Problems: Variants, Algorithms, and

Implementation
Combinatorial Optimization and Machine Learning | Lecture 6

Sanjeeb Dash / Parikshit Ram

June 27, 2023

JP0C'74

7 " i - S ' e ‘\f’, N
= JPOC13 : Journees Polyed ) Op’fimisatigj_gt_gpmbinatoire
%{ 20 and 5 Clermont-Ferrandr_(fra'nce) 26 - 28 juin'2023" Cours doctoraux

28 - 30-juin 2023.: Conferences

1/39 Sanjeeb Dash / Parikshit Ram — Stochastic Bi-level Problems: Variants, Algorithms, and Implementation © 2023 IBM Corporation



Plan

Bi-level Problem Variants & Algorithms
m Handling Constraints
m Non-Singleton LL
m Specialized solvers
m Multi-objective Bi-level

Implementation Details

Further Reading

2/39 Sanjeeb Dash / Parikshit Ram — Stochastic Bi-level Problems: Variants, Algorithms, and Implementation © 2023 IBM Corporation



Outline

Bi-level Problem Variants & Algorithms
m Handling Constraints
m Non-Singleton LL
m Specialized solvers
m Multi-objective Bi-level

3/39 Sanjeeb Dash / Parikshit Ram — Stochastic Bi-level Problems: Variants, Algorithms, and Implementation © 2023 IBM Corporation



Constrained UL + Unconstrained Singleton LL

UL constrained 6 € ® c R% + LL unconstrained, unique solution

min f,(0,0*(0)) subject to ¢*(6)=arg min f;(0,9)
0cOCRM peRY

Handle UL constrained via projected gradient descent for UL update (TTSA [Hong
et al., 2020, 2023], STABLE [Chen et al., 2022))
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Constrainted UL + Constrained Singleton LL
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UL constrained + LL constrained ¢ € ®(8) C R%, unique solution
min f,(0,0*(0)) subject to ¢*(0)=arg min f(6,0) 2)
HcOCRAu Ppcd(0)CRYU

We can obtain IG based UL gradient with additional assumptions [Giovannelli et al.,
2021].

Main modification. How do we compute the IG 4¢*(6)" /a6?
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IG for Unconstrained LL
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Since ¢*(0) is a LL solution, the stationarity condition in the unconstrained case gives us

Vo fi(6,07(6)) =0 (3)

Taking the derivative w.r.t. 8 we have (by Implicit Function Theorem):

do*(6)"
V3o (0.0°0) + 0 w3 6.0°(0)) =0 @)
T heswann
Assuming the Hessian H is invertible,
d¢*(0)"
O] 3,5(0.0%(0)) V3i(6.6"(0)) " ©

~
D, xDy D[ ><Dl
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LL Constraints

LL feasible set

®(0) = {9 €R%: P(6,9) <0,0:(6,) =0} (6

At 9*(0) € (0), the following assumptions need to hold

= The gradients of the active constraints are linearly independent (LICQ — linearly
independent constraint qualification)

= Strict complimentarity condition holds
= Sufficient second-order optimality conditions are satisfied
Define the Lagrangian function with Lagrange multipliers Ap, Ao as

~

Z(6,0,Ap,A0) = f1(6,9)+Ap P(6,0) + A, 0(6,9), (7)
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Constrained LL: KKT conditions
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Assuming unique Lagrange multipliers Ap(0),40(0) at ¢*(6) under LICQ, this is the

first-order KKT system for the LL problem:

Vo £i(6,07(6)) +V4Fi(6,97(6)) " - Ap(6) +V40:1(6,6(6)) " - A0(6) =0
Ap(8) ©P(6,07(6)) =0
0(6,¢7(6)) =0
With ¢*(8) = [9*(6)", Ap(6) T, Ag(6) "] e R Frria),
we can rewrite the above as G(0,¢*(0)) =0.
Applying Implicit Function Theorem (under appropriate assumptions)

de*(6)'
0

do*(0)"
V(pGTzo N ¢*(6) :_VBGT.V(p(GT)—l

VoG'
oG + 46
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Constrained Singleton LL: Implicit Gradient
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mp;(ee)T =—V6G(0,9"(0)) - V(G(6,97(6))")"

V6G(0,97(0))" =

Voo-£(6,97(6)) VoP(6,97(6))" ©Ap(6)"  Ve0:(6,97(6))"

~
RAuxd) Réuxp; R4ux4;
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Constrained Singleton LL: Implicit Gradient

W) 46(0.97(0) - Ve(G(0.0"(6)))
Vo(G(6,9°(6))) =
[ V32(0,0%(0))  VeP(6,0*(0)) ©Ap(6)" V,0:(6,0%(6))" ]
— ~~ ~~
R4 %d . R4 *P; R4 x4
(Von(6.0°(0)")  aiag(P(6.9"(6))) O
R;zrxdz g RPI*PI 1N
T
(vo0u(6,97(0))7) 0 0
R4 R R
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Constrained Singleton LL: Implicit Gradient

% =—VoG(0,9"(0))" - Vo(G(6,97(6) ") (16)
dg*(0)" _de*(0)" [ 1,
a6 de '[o] (17)
extract firs??ll columns

of dp*(0)/d6
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Non-Singleton LL
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LL optimal set is non-singleton

S(0)=arg  min_ £i(6,9) (18)
PED(0)CRY

Non-singleton LL

Implicit Gradient not available

Optimistic version.

min  f,(6,9) subject to S(6)=arg min f;(6,9) (19)
ee®c(ﬂ§;t«, pcd(0)CRYU
pes

Best handled the surrogate optimal value function [Sow et al., 20223a]
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Non-Singleton LL

Pessimistic version.

min  max f,(6,¢) subject to S(6)=arg min f(0,9) (20)
0cOCRu ¢pS(0) pEP(0)CRU

Robustness via Pessimism

= min-min: ming minycg(g) fu requires just a single ¢ € S(0) to be “good”
= min-max: ming max,cgg) fu requires all ¢ € S(6) to be “good”
= If minycgp) hard, inefficient min-min solution + approximations can be “bad”

= min-max does not require the minyg(g) to be solved well
= Puts onus on ming to find a “generally good” S(6)
= Makes solution “robust” to minygg) quality

= Cost of robustness: generally ming minycg(g) fi < ming maxyegg) f7 (for exact sols)
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Non-Singleton LL

Pessimistic version.

max f,(0,9) subject to S(0)=arg min f(0,0)
PEP(0)CRU

min (21)
0€OCRY ¢peS(6)
= With multiple ML model types, S(0) is the non-singleton set of “LL optimal” models
for hyperparameter 0 in bi-level hyperparameter optimization.

= With “overparameterized” models, non-singleton S(6) appear even in bi-level
representation learning and other bi-level adversarial training

= More situations exist ...
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Non-singleton LL

Robust Learning

In all such cases, we have easy access to some ¢ € S(6), but mingeg(g) fu iS NOt
feasible — it is more robust to find 6 such that maxcg(g) fu is Optimized.

Not much attention in ML literature, so lots of opportunity!
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Specialized LL solvers + Gradient Unrolling [Fan et al., 2021]
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Unconstrained singleton strongly convex LL

min f;(6,0*(0)) subject to ¢*(0)=arg min f;(0,0)
HEOCRu PeRY

Main idea.
= Solve LL with Sign-SGD [Bernstein et al., 2018]
= Unrolled gradient simplifies UL descent step to GD

Sanjeeb Dash / Parikshit Ram — Stochastic Bi-level Problems: Variants, Algorithms, and Implementation

© 2023 IBM Corporation



Gradient Unrolling

Gradient Unrolling:
For any general r > 1

d(pt'H B a(pt—H Lw a(pt—H

= . A, 23
6 o9"  de 20 (23)
—— N )~ N =
Z, 1 R A €RAX) Z By €RY1*du

Recursively compute Z,.1 = A,+17Z; + B,+1 by “unrolling” the gradient [Franceschi et al.,
2017].
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Specialized LL solvers + Gradient Unrolling
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LL update with SignSGD:

't @' —B-sign <V¢fz(9", <p’))

Main simplification:

d
asign(x) =0 (almost surely)
This gives us
9 t+1 0 t+1
At+1 = g;([)t = Id] Bl‘+l = 379 = 0d1><du

Then the Z; 11 = A;+1Z, + B,+1 recursion implies Zy = 0.
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Specialized LL solvers + Gradient Unrolling

Then the UL gradient reduces to:

* T
VoF(0) = Vof,(0.6°(0)) + SO g 1 (0.6%(0))

do
= Vﬂfu(ea ¢*(9))
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Specialized LL solvers + Gradient Unrolling

7

Algorithm 1 Sign-SGD based Bi-level Optimization [Fan et al., 2021]

Input: Initialization 6°,¢°, initial learning rates a°, B° for UL and LL resp.
fork=1,2,--- K do
// Solve LL (approx.) with SignSGD for current 6%
(PO — (Pk
forr=1,2,...,T do
+1 t .
L L _ﬁl'Slgn<V¢fl(ea¢)‘9:9k7¢:q)1)

¢k+1 — (PT+1
// UL descent step with simple partial gradient
| 0 0" —ak - Vo fu(8,0)|g_gk gpkii

return OK+1 oK+l
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Specialized LL solvers + Gradient Unrolling

v/ Easy to compute UL descent step (without explicitly ignoring the 1G)

v Improved performance compared to methods that ignore IG, but just as fast
X SignSGD in the LL might slow convergence

X No theoretical convergence guarantees (open question!)

%0 5 fde=l
51.0
38 i
£ o
>36 (0.9
8 — g
5 — &
g3 / co8
2 ]
ﬁBZ 7 :
= pd £€0.7
—=— SIGN-MAML 2 —=— SIGN-MAML
30{# —o— FO-MAML s —e— FO-MAML
06
1 5 1 5

2 3 a 2 3 2
Fine-tuning Steps Fine-tuning Steps
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Digression: Multi-objective Optimization
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USSR U

U

min{1(6)...../u(6)} (29)
Multiple objectives f; : ® - R
Connected by single decision variable 6
Challenging: (usually) Trades-off between objectives
Dominance among solutions 6,19 € O:
6 -9 =Vien, fi(0) < fi(D),3i € [n], fi(0) < fi(D). (30)

Pareto optimal solution 8: A8 € ®: ¥ ~ 0
Pareto front: Set of (all) Pareto optimal solutions
= Provides a set of solutions; we might have to pick one
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Digression: Multi-objective

mi 0),..../.(0
eelg{fl( )55 fu(0)}
Options other than Pareto optimality

= Lexicographic ordering among objective —obj 1 > obj 2 > ---
= A domain specific scalarization with scalars A;,...,A,:

A single objective optimization
328 Z ifi(6 gle obj p
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Digression: Robust Multi-objective

= We do not know the best scalarization

= Optimize 6 for the worst-case scalarization

min max Y ;fi(6 minmax optimization
0€0 A;ig| n]le[n

24/39
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Digression: Robust Multi-objective

i Aifi(O minmax optimization 34
min i—?é‘fi},%] fi(8) p (34)

Meaningful to put constraints on {4;,i € [n]}

= Non-negative A; > 0Vi € [n] — corresponds to weighted (importance) sum of objs
= Simplex cst ¥;c(, A = 1 — weights induce a (discrete) distribution over objs

= Gives us the n-simplex A, = {A = [Ay,...,4,) e R", A, € [0,1]Vi € [n],1, A =1}

P8 B MO = gl Ae) e

)LeAn
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Digression: Robust Multi-objective

i Aifi = i 36
B B A0 = plgmg ) 9
le A

= Optimize for the worst-case obj

= Find 6 so that all objs are “good” — robust solution

= Worst-case scalarization — solution robust to scalarization
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Robust Multi-objective Bi-Level

min  max f,;(0,9;(0)) = min maXZlifu7i(97¢i*(6>)

0cOCRY i€[n] 0cOCR AeA, T

subject to Vi€ [n], ¢ (0)=arg min f;;(0,¢;)
pied=R"
= Multiple n > 1 UL/LL obj pairs { f..i, fi.i}
= Shared UL variable 6
= Per-objective pair LL variable ¢;
= LL variables can have different domains —that is, ®; # ®;
= UL constrained
= LL unconstrained + singleton solution
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Single-loop algorithm: MORBIT
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Algorithm 2 Multi-obj Robust Bi-level Two-timescale Alg [Gu et al., 2022, 2023]

Input: Initialization 6°,1°,¢°,i € [n]

Input: Initial learning rates o, 8°,° for UL, LL and simplex vars resp.
fork=1,2,--- ,Kdo
// Single LL descent step per LL objective

vie o o of Bt Vofis®.0) | .

// UL descent step with per-objective pair IG

051 « o (ek —ate ¥ A [ Voful®.6) - Vhal0.6) |, ¢k+1>

i€[n]
// Simplex variable ascent step

A,kJFl — ‘@An (lk-l-)/k [fu,l(9k+]a¢{(+l)7"' afu,n(ekJrla(pler])]T)

return 6K+1 { oK+ }ie[n]
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Single-loop algorithm: MORBIT
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Algorithm 3 Multi-obj Robust Bi-level Two-timescale Alg [Gu et al., 2022, 2023]

Input: Initialization 6°,A9,¢2.i € [n]
Input: Initial learning rates o, 80,90 for UL, LL and simplex vars resp.
fork=1,2,--- Kdo

Vie [n]1¢["+l <—¢il‘,ljk V¢if”"(9’¢i) ‘e ok ook // Single LL descent step per LL objective
=0k 9;=9!
ot — g |0k —ak. ¥ ?Lik» [ Vofui(0.6) — Vfui(6,0;) ” P // UL descent step with per-objective
i€ln] 0=0k g;=¢f"
pair IG
-
AL 2y (lk+'}}(‘ [fu71(9k+1,¢]"+1),~~ ,fu,n(QkH,lI)ﬁH)} ) // Simplex variable ascent step

return 6"“,{4)‘.’(“}‘ -
i€n

V$i(0,0) = V5 f1i(0,81) - Vo 5.01i(0,0) " - Vo, £ui(6,6)
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Empirical Evaluation: Multi-task Learning

Representation Learning Hyperparameter Optimization
vy Val. loss(min-max) 2708 Val. loss(min-max)
o Val. less(min-avg) o Val. loss(min-avg)
2-06 4 Gen. loss(min-max) 27081 Gen. loss(min-max)

Gen. loss(min-avg) Gen. loss(min-avg)

2-08 4

Worst case obj.
Worst case obj.

2-104
2—]!}_
2_]2 1 2—12 <
0 lUbU 20‘00 30‘00 40‘00 5000 E) 50:30 10600 15600 ZDéOO
lterations K Iterations K
= UL var 6 — shared representation = UL var 0 — shared hyperparameter
= LL var ¢; — per-task learner = LL var ¢; — per-task model
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H Implementation Details
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Computational Bottleneck: 1G-based Schemes

V£(0,0) =V5,£(0,0)- V5 £i(0,0) -V £.(6,0)

(39)

= Inverse Hessian-vector Product (HvP) [Vﬁ, fil tv [ R——
Input: Init x) € RY, prec € > 0, max iters n
dy =rg < v—Hxg

. . 2
= Conjugate Gradient needs HvP Vi f;-v o e
= Neumann series approx needs HvP: 0 (@ ri) /(e [ B
Xip] X+ 0Gd;
5 . 5 i1 ) riy) < ri—oy Hd;
L=V fil v=[=Vsfi] " - [I-v—V5fi-v] Bivn = (g )/ )
diy1 4 rip1+Piadi

it r] rip1 <ethen
| returnx;

= Jacobian-vector product (JvP) Vg, fi-v

return x,,, |
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Computational Bottleneck: Gradient-Unrolling Schemes
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Backward-mode hypergradient (49" /46) v IV P
for some v € R With @' < ¢ =BV, f1(6%,9")

= oy v, g+ 0eRu = A = (I_ﬁvéfl(ek’(pm))’
= forr=(T-1)—1 = Bt:_ﬁvétpﬁ(ek’(pt—l)

= Compute As+1,B+1 B )

= Update g < g+ Bry1 - 0441 = Avv=(-a=pVefi-v)

= Update at<—A[+] c O] = Bt‘V:_B V%q)ﬁ(ek’(ptfl).v
= Returng

]
Each iteration needs a HvP and a JvP!
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Computational Bottleneck: Ordering matters!

Consider following general operation (Hessian-vector if ¢ = ¢):

-
Vil (9.0)-v= (Vo (Vef(9,9) ") v
fiRPxRI SR, @oeRP?, ¢ecRY yveR?
Order of operations:
= Compute gradient V, f(¢,¢) € R?

X Compute Jacobian V,, (Vd)f(cp,qi)))T € RPxd
X Compute Jacobian-vector product: (Ve (Vos(o, q)))T) -vERP
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Computational Bottleneck: Ordering matters!

-
Vool (9.0)-v= (Vo (Vor(9.0)) ") v
fRPxR! SR, 9eRP, ¢cRY yeR?
Operations can be re-ordered assuming v is a constant:
= Compute gradient Vy f(¢,¢) € RY

v/ Compute gradient-vector dot-product V4 f(¢,¢)"v € R (scalar)
= Compute gradient V, (V4 f(@,¢)v) € RP

Vool (0.0)v=| Vo (Vor(9.0)" |- v_=Vo((Vos(9.0))"v), 42

Ixd dx1

scalar

Dxd
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Existing Literature on Stochastic Bilevel Optimization
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Method

Single-loop

O C R%

@ C R%

Hessian-free

Multi-obj

Min-max

BSA [Ghadimi and Wang, 2018]
TTSA [Hong et al., 2020, 2023]
StocBio [Ji et al., 2021]

MRBO [Yang et al., 2021]
VRBO [Yang et al., 2021]
ALSET [Chen et al., 2021]

BSG [Giovannelli et al., 2021]
SignSGD+UL [Fan et al., 2021]
PDBO [Sow et al., 20223]
STABLE [Chen et al., 2022]
PZOBO [Sow et al., 2022b]
MORBIT [Gu et al., 2022, 2023]
MMB [Hu et al., 2022]

NN X N X X XN X% N X% N X%

XNUXACNNNIX XXX NN

XX :X X NX N X XX XXX

;XN X NN X X XX XX X

T NX XX XXX XXXXX

NN X X N X X% X X% X X% X X%
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