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Single-level Optimization Problem
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min f(6) (1)
0eR?
subject to
P(6) >0 (@)
0(6) =0 (3)

Terminology

= 0 c R? are the d decision variables

= f:R?Y - Ris the objective

= P:R? - R? are the p inequality constraints

= (Q:R? = R are the ¢ equality constraints

= Qo2 {0 cR?:P(6) >0,0(0) =0} is the constraint set

Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning © 2023 IBM Corporation



Optimization in Machine Learning
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Elements defining objectives/constraints in ML
= Data-{§,ic[n]}, [n] = {1,...,n}
= Samples &; ~ u, for a data distribution u
= &= (x;,y:) € (R™ x [k]) for k-class classification
= &2 (x,y:) € (R" x R) for regression
= & € R™ for unsupervised learning

{‘Si £ (xi,yi),i € [”]}

x; € R™

vi € [k]/R
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Optimization in Machine Learning
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Elements defining objectives/constraints in ML

= Data-— {&;,i € [n]}

= Model My — Defines the decision variables 6
= Linear models: 0 are the weights of the linear model

= Neural networks: 0 are the weights of all the layers in the neural network

0cOCR"
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Optimization in Machine Learning

= Data-{&;,i<c [n]}

= Model My — Defines the decision variables 0

= Loss function /¢
= Mis-classification loss in k-class classification — — ey I(y = 1) log Mg (x)[/]
= Distortion loss in regression — (y — My (x))?
= (Negative) Likelihood in density estimation — —log My (x)
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Optimization in Machine Learning

= Data-{&;,i € [n]}
= Model My — Defines the decision variables 6
= Loss function ¢

X
Mp(x)
— — B
:
¥
EEEEEEEE W > U Mo(x))
I Y
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Common Optimization in Machine Learning
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Optimization type:
= Many continuous, unconstrained

min f(6)

OcR
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Linear Regression via Empirical Risk Minimization (ERM)

= Data — {&,i € [n]}, with & = (x;,y;),x; € R™, gfel]ié}l f(6) (6)
Vi € R

= Model = My(x) =0 'x,0 cRYandd =m

= Loss between true y and predicted y’ —
(yy) = —y) 6 cOCR"

Final objective

f(6)= ! Y (i, 0 x)+p0]5- (5) - I

e

= Continuous
= Unconstrained
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Neural Network via Empirical Risk Minimization (ERM)

= Data —» {é,‘,i S [I’l]}, with 5,’ £ (xi,y,-),xi cR™,
yi € R

= Model = Mg : R" - R,0 € R?, d is the number
of (learnable) parameters in the network

= Loss between true y and predicted y’ —
(yy) 2 —=y)

Final objective

HOEE L. t0nMato) )
My(x) 2W,-6c(Wi_1-0(--Wr-6(Wix)---)),

(8)
0= [Wl,Wz,...,WLfl,WL]

min f(6)

9

—
~

Continuous
Unconstrained

Nonlinear because of
activation o

Sigmoid o (a) = 1/1+e
Tanh o (a) = ¢'—¢ /et te@
ReLU o(a) = max{a,0}

sy v
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Multi-task Linear Regression via ERM

= Data for T (related) “tasks” —
(&2 (" 5") € R xR) i € 1]}
foreacht € [T
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Multi-task Linear Regression via ERM

= Data for T (related) “tasks” —
(g2 (W ) e R xR),i € [n0)]}

foreacht € [T]
= Model — Mg (x,t) = w(’)T(I) ‘X

S (g (W e 1)) [0 | B ;
= Shared = ¢ € R™" o wih) w@ yG)
= Per-task — w") ¢ R" vt € [T]
= d=(m+T)r
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Multi-task Linear Regression via ERM
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= Data for T (related) “tasks” — {£) 2 (x\" y) € (R" x R),i € [n)]} for each ¢ € [T]
= Model = My (x,1) £ wl) ¢ x, 0 2 [p,{w',t€[T]}

= Loss between true y and predicted y' — £(y,y') = (y —y')?

Final objective

) & Z 5 L 07w e 4p Y w3406 (10)

te[n te[T]
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Multi-task Neural Network via ERM

= Data for T (related) “tasks” = {&) 2 (" y)) € (R™ xR), i € [n)]} for each 1 € [T]
= Model —» Mg(x,t) éMw(,) (M¢(x))
> 02 ¢, {001 e T]}]
= Shared ¢ € R%, My : R™ — R”
= Pertask ") € R: Vt € [T], M, : R — R
> d=d+d
= Loss between true y and predicted y' — £(y,y') = (y —y')?
Final objective

S (1) (1)
NOEDYE-D)Y Z(yi M0 (M¢ (xl- ))) (11)
te[T) ic[n®]
M¢(x)éG(WL-G(-~-W2-G(W1x)---)), ¢é[W1,W2,...,WL_1,WL]
Moo () 2 o(w - o)y -o(-wi - aw’x) ), o 2w, W] (12)
usually [ < L
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Solution with Gradient Descent

Gradient based continuous optimization algorithm:

;2}@ £(8) (13)

Algorithm 1 Gradient descent

Input: Initialization 6°, initial learning rate o
fork=1,2,--- , Kdo

9k+1 — ek_ (Xk-hk

Learning rate update ot — a**!
return 9X+!

// example h* % Vo f(6)]g—gr
// example o oca’/ct

\.
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Stochastic Gradient Descent

Stochastic objective:

FO) 2B ,f(0:8)~ - Y 1(6:8)  (14)

i€[n]

Stochastic gradient estimate:

H < Vof(0:E9)],_o
1 6=0 (15) . ------ » E(y7M9(X))
= B Y Vol(yi,Mo(xi)) Y
i€BKC[n] 9—pk
0 1 k
GOLGILOZ _____ )ek/i>9k+l _______ » gk
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Common Constrained Optimization in Machine Learning

min f(6) (16)
0cOCRY

Common constraint types:
= Rank constraints

= Integrality constraints

= Simplex constraints

= Orthogonality constraints
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Principal Component Analysis

{G2xeRmic]} —— {aeR ic)

= Learn a projection matrix V € R"*" min f(6) = ,min, b= Vzll;  (17)
= Minimize distortion (= preserve {z€R’,ic[n]}

variance) with smaller number of subject to

features Viv=l (18)

= Orthogonality constrainton V-V 'V =1
Jonaty 02V, {zickhl}  (19)
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Discrete Clustering

20/58 Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning © 2023 IBM Corporation



Discrete Clustering

Clustering data {x;,i € [n]} for a given pairwise affinity matrix A € R™*":

min f(0) = Y, Aijllci—cili3 (20) = Learn cluster
0 (01}t i.jeln] assignments
subject to = Integrality cst

1) ci = 1Vi € [n] (21) = Simplex cst

rank(C) = k,C £ [¢;,i € [n]] € {0,1}}*" (22) = Rank cst

Special cases

= Euclidean clustering: A;; = —||lx; —x;]|3
= Kernel clustering: A;; = k(x;,x;) for some kernel function x : R” x R” — Rxq

= Spectral/graph clustering: A;; =1((i, j) € E) —that is, edge (i, j) in the graph G =
(V,E) with vertex set V = [n] and edge set E
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Neural Network Pruning & Compression

Model Pruning

= Remove redundant
weights

= Compress model
= Speed up inference

. A . . .
lglelgf(e) _me%l,?}d, .ez[:]ﬁ(y iMoo (i) (28) = Compression factor
peR? e o <0.1
subject to Constraints
1,m=ad (24) = Integrality cst

0 2 [m,¢] € R* (25) = Simplex cst
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Adversarial Attacks [Szegedy et al., 2013]

Problem. Neural networks (trained to high accuracy) can be easily “attacked” —
Models manipulated to make desired prediction with imperceptible perturbation

Ostrich Al: Unicycle!

+ 0.005%

Solution. Train models that are “robust” to adversarial perturbations
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Adversarially Robust Learning

Problem. Neural networks (trained to high accuracy) can be easily “attacked” —
Models manipulated to make desired prediction with imperceptible perturbation
Solution. Train models that are “robust” to adversarial perturbations

Example

Min flr F @ ( Ostrich
= sl . 4 (truth)
0 T
i C Unicycle
Trainer
DNN (adversary)

Adversarial
perturbations |  Max £,

— ¢
<%

o

Adversary
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Adversarially Robust Learning

Solution. Train models that are “robust” to adversarial perturbations

@ Ostrich
p © (" (truth)
f ;
Trainer NN U unicycle @
( v)
Adversarial

1]
perturbations | Max £
Adversary

rrgn max Z L(yi,My(xi+ &) (26)

3,1 ill-<&si€ln] j

0 =[9,{8,i € [n]}] (27)

"o
8]

£
|
e
=
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Gradient Descent with Constraints

Handling constraints with gradient-based continuous optimization algorithm:

min 6 28
OEGCRdf( ) (28)
Algorithm 2 Projected gradient descent
Input: Initialization 8°, initial learning rate a®
fork=1,2,--- ,K do
o+ < Pg (9" — ok -hk) // closed-form projection
Learning rate update af — ak+!
return X +!
Pe(0) € argmin||6 — V| (29)
ve®
o Zel) n _ Pel) W Pel)
0 — gl —— gl — 2 —— g2 -»> gk 1 - gk ——— gk - -------- -~ > oK
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Outline

Bi-level Optimization
m Formulation & Terminology
m Example
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Bi-level Formulation

min  f,(6,¢) (30)
0cOCRY ¢
subject to P,(6,0)>0 (31)
o€ 5(0) £z min fi(0,0) (32)
edCRY
subJect to P(6,9)>0 (33)

Terminology

= ming 4 f4(0,¢) is called the upper level (UL) problem or the leader’s problem
= miny f;(6,¢) is called the lower level (LL) problem or the follower’s problem
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Bi-level Formulation

min 0,
Ge®ngu¢j;( ?)

subject to P,(6,9¢) >0

pcS(6)= arg(p min  f;(0,9¢)

cPCRY

subject to P(0,9) >0

Terminology

= f.:R% x R% is the UL objective

= f;:R% x R% is the LL objective

= 0 € ® C R% are the UL decision variables

= ¢ € ® C R% are the LL decision variables
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Bi-level Formulation

[ (6,
min ¢f( ¢)

0EOCRY,
subject to P, (0,9)>0

¢ €S(0)2arg min  £(6,9)
PEDCRY

subject to PF(0,9) >0

Terminology
= P,:R% xR% — RP« are the UL inequality constraints
= P :R% xR% — R” are the LL inequality constraints

= §:R% - . C R% is a point-to-set mapping of the LL optimal solutions
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Bi-level Formulation

min 0,
0cOCRY ¢ fu(6,9)

subject to P,(6,9¢) >0

¢ €5(6)=arg min £(6,9)
PcDCRY

subject to P(0,9) >0

Terminology

= Q2{(0,0)cOxD:P,(0,0) >0,P(6,0) >0} is the shared constraint set

= Qe={0c0®:3p cd,(0,0) c Q} is the projection of the shared constraint set onto
the 6-space

= Coupling constraints: UL constraints P, that explicitly depend on the LL variable ¢
= Linking variables: UL variables 0 that explicitly appear in the LL constraints P,
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Alternate Bi-level Formulation

min  f,(6,0) (34)
0cOCRY

PEcDCRY

subject to

P,(0,9)>0 (35)
P(6,9) 2 0 (36)
£i(6,9) < v(6) 37)
v(6) £ min {i(6.6): Pi(6.9) > 0} (38)

Terminology

= v:R% — Ris called the Optimal Value Function
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Example: Classical Pricing Problem

= Leader/UL

= Decision variables: Price(s) of certain good(s)
= Objective: Maximize revenue from selling goods

= Follower/LL
= Decision variables: Amount spent on purchasing good(s)
= Obijective: Maximize utility

= Hierarchical structure

= UL objective depends on the optimal LL variable
= LL decision depends on the UL variables
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Example: Classical Pricing Problem

— fi f/
— Ji

fi—
fi—

0 2

34/58

Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning

© 2023 IBM Corporation



Example: Classical Pricing Problem
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min —GT(])lE max 6T¢1
0,0={¢1,0:} 0,02{¢1,0,}

subject to
AO <a
pcarg min (04u;) @ +u) @
o={01.02}
subject to

B o +B)g,>b
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Example: Classical Pricing Problem

36/58

S L

UL variables 0 are the prices
UL objective maximizes the revenue from the goods ¢,
UL constraints can bound the prices

LL variables ¢ = {¢, ¢} corresponds to the amount of goods (¢; might correspond
to above UL seller and ¢, might be an alternative available seller)

LL objective minimizes the cost of goods
LL constraints ensures a minimal amount of utility from the goods
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Outline

Bi-level Optimization in ML
m Bi-level Reformulations
m Inherently Bi-level Problems
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Multi-task Linear Regression

= Data for T (related) “tasks” —
{&" 2 (5" € R" xR),i
foreachr € [T

= Model = Mg(x,t) = W(I)TR-x, 6=
[R,{w',1 € [T]}]

= Loss between true y and predicted y’ —

€ [n"]}

T —

IIIIIIIIV3)

{e¥.iem}

2

ENNEEEE@EY;

(
l
g
(2)
l
(
1
{V.iem}

ooooo@@ay,

(yY) = (y—y)?

Final objective

1
FO)2 Y - ¥ o w0 R +p ¥ w3+ |RIE

te(T] h i€[n)] te[T]
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Bi-level Multi-task Linear Regression

= DataforT (related) tasks” —
= UL data {J; )& (x t() l()) € (R™ x R),i € [n0]}
= LLdata {¢" 2 (x" y") e (R" xR),i € [m®)]}

= Model = Mg ¢(x,1) 2 w® R
= ULvar 6 £R, LLvar¢):[w(1),...,w(T)]
= Loss = {(y,Y) £ (y—Y)?
= Objectives:
= UL Y b T f w0 R 4RI

te(T] i€[n)]

T
= LY b T w0 R +p B w03
te[T] i€[m®)] te(T)
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UL data {g}’),i € [n@}}

EnEEEEE@E>
LL data {g}’%i € [m(’)]}
0

Xi
(r)
i o o o o o o I o

02R ¢ A{ 1>7W<2>7W<3>}

(Mo | - I i
w®

W) W@
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Bi-level Multi-task Nonlinear Representation Learning

= Data forT(reIated) tasks” —
= ULdata {&) 2 (", l> € (R" xR),i € [1]}
= Lldata {2 (x",y[") € (R" xR),i € [n]}

= Model = Mg ¢(x,t) = M,y o Mg(x)

= ULvar6 2R, LLvar¢2[oW,...
= Loss = £(y,Y) £ (y—y)?
= Objectives:

;o]

S UL Y LY 06l My o M(x))
IG[T] le[n(t)]

LL: Y L 06" My o Mp(x"

9 . Z m() Z (yl s (1) R(Xl ))
te(T] i€[m®)
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UL data {e:}’),i € [n(')]}
0

i

EEEEEEE@E)

LL data {Ci(’),i c [m<’)}}

EEEEEEEEY
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Digression: Overfitting and UL vs LL data

= Main mismatch between UL and LL obj are the data
= UL data: {2 (" y{"),i € [n]}

= Lidata: {§" 2 (x,y"),i € m®]}
= In ML, this separation of data promotes better generalization — consistent
performance on unseen data (left figure)

= Otherwise, optimization pushes model to learn the data really well, often overfitting —
fitting noise and spurious signals (right figure)

Source: https://math.mit.edu/ennui

41/58 Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning © 2023 IBM Corporation


https://math.mit.edu/ennui

Neural Network Pruning & Compression

Model Pruning

= Remove redundant
weights

= Compress model
= Speed up inference

. A . . .
lglelgf(e) _me%l,?}d, .ez[:]ﬁ(y iMoo (i) (44) = Compression factor
peR? e o <0.1
subject to Constraints
1,m=ad (45) = Integrality cst

0 2 [m,¢] € R* (46) = Simplex cst
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Bi-level Pruning [Zhang et al., 20223a]

43/58

= Data —
= ULdata {& = (x;,y;) € (R" x %),i € [n]}
= LLdata {& = (x;,y;) € (R"x %),i € [m]}
= Model — M9@¢ (x)
= UL variable 6 € {0,1}¢ — the parameter mask
= LL variable ¢ — the model parameters (for the unmasked params)
= Loss = £(y,))
= Objectives = UL: Yjcj £(isMoos (xi)) Lt Yicp £(yisMoos (xi)) +p1103
= Constraints & UL: 1] 60 = ad, o < 1

Upper Level: Pruning

Lower Level: Retraining
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Adversarially Robust Learning

Solution. Train models that are “robust” to adversarial perturbations

@ Ostrich
p © (" (truth)
f ;
Trainer NN U unicycle @
( v)
Adversarial

1]
perturbations | Max £
Adversary

rrgn max Y (yi, My (x;+ &) (47)

0;, |01 [l <e,i€n] ieln]

0 =[9,{8,i € [n]}] (48)

"o
8]

£
|
e
=
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Bi-level Adversarial Training [Zhang et al., 2022Db]

45/58

= Data — {é, = (xi,yi) S (Rm X @),i S [n]}
= Model = My(x)

= UL variable 8 — the model parameters
= LL variable ¢ = [di,..., 5,] — the per-example adversarial perturbations

= Loss —

= UL: Learning loss £(y,y’)
= LL: attack loss £, (y,)')

= Measures attack success rate of adversary
= Various different “threat models” / attack losses available

=> Objectives — UL: Zie[n] €(yl-,M9 ()C,' + 5,)) LL: Zie[n] gatk(yi,Mg (xi + 6,))
= Constraints — LL: || 5|, < &Vi € [n]
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Hyperparameter Optimization

46/58

Various “hyperparameters” need to be selected before learning/optimization:
= Linear models: () £ 1 ¥icyy (3,6 "x) + P 91l

= Regularization penalty p
= Regularization form / norm p
= Loss function |-| vs (-)? vs Poisson loss vs Gamma loss vs ...

Neural Networks: M (x) éWL o (W_y-0(---Wa-0c(Wix)--+))

= Number of layers L

= Width/size of each layer

= Activation function o

Optimizer:

= (initial) Learning rate

= Learning rate scheduling

= Momentum parameters

= many others ... (for modern optimizers such as Adam)
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Bi-level Hyperparameter Optimization

47/58

>

U

Data —

= UL validation data {& = (x;,y:),i € [n]}

= LL training data {{; = (x;,y;),j € [m]}

Model — M,

= UL variable: 6 hyperparameters

= LL variable: ¢ ML model trained with selected hyperparameters
Loss —

= UL: Validation loss #ya(y,y’)

= LL: Training loss ¢ (y,y’, 8) — often depends on the hyperparameter
Objectives — UL: Zie[n] Lyal (yl‘,M¢ (x,-)) LL: Zie[m] Ly (y,',Mq) (Xl'), 9)
Constraints —

= UL: Often box constraints and hyperparameter dependency constraints,
= LL: Model parameter constraints defined by the hyperparameter
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Bi-level Hyperparameter Optimization

Final objective.

i 12 P My (x;
%@%@s(e) iez[;z] b ’ )

s.t. S(6)=arg min Y fy(yi,Ms(x),0).

9E2(0) ;)

48/58 Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning

(49)

© 2023 IBM Corporation



k-means Clustering

49/58 Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning © 2023 IBM Corporation



Bi-level k-means clustering
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= Data— {{=x; € R™i € [n]}
= Model —» M97¢

= UL variable: 6 cluster centers [c; € R™, j € [k]]
= LL variable: ¢ cluster assignments [w; € {0,1}*,i € [n]]

= Loss — distance to assigned cluster center ¥ ;e wil/]l1xi — ¢;lI3
> Objectives — UL/LL Zie[n] Zje[k] Wi []] Hxi — Cj”%
= Constraints = LL: 1 w; = 1Vi € [n]}
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Bi-level k-means clustering

Final objective.
mm Z Z wilflllxi —¢jl13
(pgq)le[ n] j€lk]
62 [c;cR" jc k] €®=R"*
02 [w,- e[0,1ie [n]} c®={0, 1}
subject to

w; € arg min oljl||lxi—cil|5, Vie
g min, T oljls—cilf. vi

1) w; = 1,Vi € [n]
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Outline

Challenges with Bi-level Optimization

52/58 Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning © 2023 IBM Corporation



Straightforward Approach: Alternating (S)GD

Unconstrained continuous bi-level problem

rgn(;lfu( ,0) subject to (I)Gargm(;nﬁ(e,(p) (55)

Algorithm 3 Alternating Gradient descent

Input: Initialization 6°, ¢, initial learning rates o, B° for UL and LL resp.
fork=1,2,--- Kdo

¢k+1<_¢’k B*-Vefi(6 }9 0% p—pk // LL update

9k+1 <— Ok— a o V@fu( y )‘9:9k7¢:¢k+1 // UL update
Learning rate updates ot — aft!, Bk — B+l

return OX+1 pK+1
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Alternating (S)GD fails!

54/58

= Convergence not guaranteed,

= Evenif f,(-,¢) is strongly convex in 6 and f;(6,-) is strongly convex in ¢
Example:

= fu(6,0)=167A¢

= f(6,9)=—1607A¢

= LL update: oK1 «— ¢k + BF-AT K

= UL update: 6%*! < 6% — k. Ap*+!

= Alternating GD iterates cycle around the solution

Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning

© 2023 IBM Corporation



Alternating (S)GD fails!
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Constraints complicate matters!

= LL problem might be infeasible for certain value of UL 6

= The set of feasible optimal LL solutions for all UL feasible values can be nonconvex
= UL constraints can further make this nonconvex set disconnected

= Ignoring the LL optimality constraint often leads to suboptimal solutions

See Beck and Schmidt [2021, Example 1.12, page 16] for a precise example and

explanation.

56/58 Sanjeeb Dash / Parikshit Ram — Bi-level Optimization and Continuous Bi-level Optimization Problems in Machine Learning © 2023 IBM Corporation



Resources

= Bi-level Introduction JPOC 2021 [Beck and Schmidt, 2021]
https://wuw.lamsade.dauphine.fr/poc/?q=node/76
= Bi-level Optimization in Machine Learning: Foundations and Applications
https://sites.google.com/view/aaai2023tutorial/home
= Surveys on Bi-level Optimization in Machine Learning
= Investigating Bi-Level Optimization for Learning and Vision From a Unified
Perspective: A Survey and Beyond [Liu et al., 2021]
= Gradient-based Bi-level Optimization for Deep Learning: A Survey [Chen et al.,
2022]
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