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Constrained UL + Unconstrained Singleton LL

UL constrained θ ∈Θ⊂ Rdu + LL unconstrained, unique solution

min
θ∈Θ⊂Rdu

fu(θ ,φ
⋆(θ)) subject to φ

⋆(θ) = arg min
φ∈Rdl

fl(θ ,φ) (1)

Handle UL constrained via projected gradient descent for UL update (TTSA [Hong
et al., 2020, 2023], STABLE [Chen et al., 2022])
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Constrainted UL + Constrained Singleton LL

UL constrained + LL constrained φ ∈Φ(θ)⊂ Rdl , unique solution

min
θ∈Θ⊂Rdu

fu(θ ,φ
⋆(θ)) subject to φ

⋆(θ) = arg min
φ∈Φ(θ)⊂Rdl

fl(θ ,φ) (2)

We can obtain IG based UL gradient with additional assumptions [Giovannelli et al.,
2021].
Main modification. How do we compute the IG dφ⋆(θ)⊤/dθ?
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IG for Unconstrained LL

Since φ ⋆(θ) is a LL solution, the stationarity condition in the unconstrained case gives us

∇φ fl(θ ,φ
⋆(θ)) = 0 (3)

Taking the derivative w.r.t. θ we have (by Implicit Function Theorem):

∇
2
θφ fl(θ ,φ

⋆(θ))+
dφ ⋆(θ)⊤

dθ
∇

2
φ fl(θ ,φ

⋆(θ))︸ ︷︷ ︸
HessianH

= 0. (4)

Assuming the Hessian H is invertible,

dφ ⋆(θ)⊤

dθ
=−∇

2
θφ fl(θ ,φ

⋆(θ))·︸ ︷︷ ︸
Du×Dl

∇
2
φ fl(θ ,φ

⋆(θ))−1.︸ ︷︷ ︸
Dl×Dl

(5)
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LL Constraints

LL feasible set
Φ(θ) =

{
φ ∈ Rdl : Pl(θ ,φ)≤ 0,Ql(θ ,φ) = 0

}
(6)

At φ ⋆(θ) ∈Φ(θ), the following assumptions need to hold

⇛⇛⇛ The gradients of the active constraints are linearly independent (LICQ – linearly
independent constraint qualification)

⇛⇛⇛ Strict complimentarity condition holds

⇛⇛⇛ Sufficient second-order optimality conditions are satisfied

Define the Lagrangian function with Lagrange multipliers λP,λQ as

L (θ ,φ ,λP,λQ) = fl(θ ,φ)+λ
⊤
P P(θ ,φ)+λ

⊤
Q Q(θ ,φ), (7)
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Constrained LL: KKT conditions

Assuming unique Lagrange multipliers λP(θ),λQ(θ) at φ ⋆(θ) under LICQ, this is the
first-order KKT system for the LL problem:

∇φ fl(θ ,φ
⋆(θ))+∇φ Pl(θ ,φ

⋆(θ))⊤ ·λP(θ)+∇φ Ql(θ ,φ
⋆(θ))⊤ ·λQ(θ) = 0 (8)

λP(θ)⊙P(θ ,φ ⋆(θ)) = 0 (9)

Q(θ ,φ ⋆(θ)) = 0 (10)

With ϕ⋆(θ) = [φ ⋆(θ)⊤, λP(θ)
⊤, λQ(θ)

⊤]⊤ ∈ R(dl+pl+ql),
we can rewrite the above as G(θ ,ϕ⋆(θ)) = 0.
Applying Implicit Function Theorem (under appropriate assumptions)

∇θ G⊤+
dϕ⋆(θ)⊤

dθ
∇ϕG⊤ = 0 ⇒ dϕ⋆(θ)⊤

dθ
=−∇θ G⊤ ·∇ϕ(G⊤)−1 (11)
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Constrained Singleton LL: Implicit Gradient

dϕ⋆(θ)⊤

dθ
=−∇θ G(θ ,ϕ⋆(θ))⊤ ·∇ϕ(G(θ ,ϕ⋆(θ))⊤)−1 (12)

∇θ G(θ ,ϕ⋆(θ))⊤ =∇
2
θφL (θ ,ϕ⋆(θ))︸ ︷︷ ︸

Rdu×dl

∇θ Pl(θ ,φ
⋆(θ))⊤⊙λP(θ)

⊤︸ ︷︷ ︸
Rdu×pl

∇θ Ql(θ ,φ
⋆(θ))⊤︸ ︷︷ ︸

Rdu×ql

 (13)
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Constrained Singleton LL: Implicit Gradient

dϕ⋆(θ)⊤

dθ
=−∇θ G(θ ,ϕ⋆(θ))⊤ ·∇ϕ(G(θ ,ϕ⋆(θ))⊤)−1 (14)

∇ϕ(G(θ ,ϕ⋆(θ))⊤) =

∇
2
φL (θ ,ϕ⋆(θ))︸ ︷︷ ︸

Rdl×dl

∇φ Pl(θ ,φ
⋆(θ))⊤⊙λP(θ)

⊤︸ ︷︷ ︸
Rdl×pl

∇φ Ql(θ ,φ
⋆(θ))⊤︸ ︷︷ ︸

Rdl×ql(
∇φ Pl(θ ,φ

⋆(θ))⊤
)⊤

︸ ︷︷ ︸
Rpl×dl

diag(Pl(θ ,φ
⋆(θ)))︸ ︷︷ ︸

Rpl×pl

0︸︷︷︸
Rpl×ql(

∇φ Ql(θ ,φ
⋆(θ))⊤

)⊤
︸ ︷︷ ︸

Rql×dl

0︸︷︷︸
Rql×pl

0︸︷︷︸
Rql×ql


(15)
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Constrained Singleton LL: Implicit Gradient

dϕ⋆(θ)⊤

dθ
=−∇θ G(θ ,ϕ⋆(θ))⊤ ·∇ϕ(G(θ ,ϕ⋆(θ))⊤)−1 (16)

dφ ⋆(θ)⊤

dθ
=

dϕ⋆(θ)⊤

dθ
·
[

Idl

0

]
︸ ︷︷ ︸
extract first dl columns

of dϕ⋆(θ)/dθ

(17)
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Non-Singleton LL

LL optimal set is non-singleton

S(θ) = arg min
φ∈Φ(θ)⊂Rdl

fl(θ ,φ) (18)

Non-singleton LL

Implicit Gradient not available

Optimistic version.

min
θ∈Θ⊂Rdu ,

φ∈S(θ)

fu(θ ,φ) subject to S(θ) = arg min
φ∈Φ(θ)⊂Rdl

fl(θ ,φ) (19)

Best handled the surrogate optimal value function [Sow et al., 2022a]
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Non-Singleton LL

Pessimistic version.

min
θ∈Θ⊂Rdu

max
φ∈S(θ)

fu(θ ,φ) subject to S(θ) = arg min
φ∈Φ(θ)⊂Rdl

fl(θ ,φ) (20)

Robustness via Pessimism

⇛⇛⇛ min-min: minθ minφ∈S(θ) fu requires just a single φ ∈ S(θ) to be “good”

⇛⇛⇛ min-max: minθ maxφ∈S(θ) fu requires all φ ∈ S(θ) to be “good”

⇛⇛⇛ If minφ∈S(θ) hard, inefficient min-min solution + approximations can be “bad”
⇛⇛⇛ min-max does not require the minφ∈S(θ) to be solved well
⇛⇛⇛ Puts onus on minθ to find a “generally good” S(θ)
⇛⇛⇛ Makes solution “robust” to minφ∈S(θ) quality

⇛⇛⇛ Cost of robustness: generally minθ minφ∈S(θ) fl < minθ maxφ∈S(θ) fl (for exact sols)
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Non-Singleton LL

Pessimistic version.

min
θ∈Θ⊂Rdu

max
φ∈S(θ)

fu(θ ,φ) subject to S(θ) = arg min
φ∈Φ(θ)⊂Rdl

fl(θ ,φ) (21)

⇛⇛⇛ With multiple ML model types, S(θ) is the non-singleton set of “LL optimal” models
for hyperparameter θ in bi-level hyperparameter optimization.

⇛⇛⇛ With “overparameterized” models, non-singleton S(θ) appear even in bi-level
representation learning and other bi-level adversarial training

⇛⇛⇛ More situations exist ...
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Non-singleton LL

Robust Learning

In all such cases, we have easy access to some φ ∈ S(θ), but minφ∈S(θ) fu is not
feasible – it is more robust to find θ such that maxφ∈S(θ) fu is optimized.

Not much attention in ML literature, so lots of opportunity!
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Specialized LL solvers + Gradient Unrolling [Fan et al., 2021]

Unconstrained singleton strongly convex LL

min
θ∈Θ⊂Rdu

fl(θ ,φ
⋆(θ)) subject to φ

⋆(θ) = arg min
φ∈Rdl

fl(θ ,φ) (22)

Main idea.

⇛⇛⇛ Solve LL with Sign-SGD [Bernstein et al., 2018]

⇛⇛⇛ Unrolled gradient simplifies UL descent step to GD
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Gradient Unrolling

Gradient Unrolling:
For any general t > 1

dϕ t+1

dθ︸ ︷︷ ︸
Zt+1∈Rdl×du

=
∂ϕ t+1

∂ϕ t︸ ︷︷ ︸
At+1∈Rdl×dl

· dϕ t

dθ︸︷︷︸
Zt

+
∂ϕ t+1

∂θ︸ ︷︷ ︸
Bt+1∈Rdl×du

(23)

Recursively compute Zt+1 = At+1Zt +Bt+1 by “unrolling” the gradient [Franceschi et al.,
2017].
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Specialized LL solvers + Gradient Unrolling

LL update with SignSGD:

ϕ
t+1← ϕ

t −β ·sign
(

∇φ fl(θ
k,ϕ t)

)
(24)

Main simplification:
∂

∂x
sign(x) = 0 (almost surely) (25)

This gives us

At+1 =
∂ϕ t+1

∂ϕ t = Idl Bt+1 =
∂ϕ t+1

∂θ
= 0dl×du (26)

Then the Zt+1 = At+1Zt +Bt+1 recursion implies ZT = 0.
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Specialized LL solvers + Gradient Unrolling

Then the UL gradient reduces to:

∇θ F(θ) = ∇θ fu(θ ,φ
⋆(θ))+

dφ ⋆(θ)⊤

dθ
·∇φ fu(θ ,φ

⋆(θ)) (27)

= ∇θ fu(θ ,φ
⋆(θ)) (28)
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Specialized LL solvers + Gradient Unrolling

Algorithm 1 Sign-SGD based Bi-level Optimization [Fan et al., 2021]
Input: Initialization θ 0,φ 0, initial learning rates α0,β 0 for UL and LL resp.
for k = 1,2, · · · ,K do

// Solve LL (approx.) with SignSGD for current θ k

ϕ0← φ k

for t = 1,2, . . . ,T do

ϕ t+1← ϕ t −β t ·sign
(

∇φ fl(θ ,φ)
∣∣
θ=θ k,φ=ϕt

)
φ k+1← ϕT+1

// UL descent step with simple partial gradient

θ k+1← θ k−αk · ∇θ fu(θ ,φ)|θ=θ k,φ=φ k+1

return θ K+1,φ K+1
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Specialized LL solvers + Gradient Unrolling

✓ Easy to compute UL descent step (without explicitly ignoring the IG)

✓ Improved performance compared to methods that ignore IG, but just as fast

✗ SignSGD in the LL might slow convergence

✗ No theoretical convergence guarantees (open question!)
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Digression: Multi-objective Optimization

min
θ∈Θ

{ f1(θ), . . . , fn(θ)} (29)

⇛⇛⇛ Multiple objectives fi : Θ→ R
⇛⇛⇛ Connected by single decision variable θ

⇛⇛⇛ Challenging: (usually) Trades-off between objectives

⇛⇛⇛ Dominance among solutions θ ,ϑ ∈Θ:

θ ≻ ϑ ⇒∀i ∈ [n], fi(θ)≤ fi(ϑ),∃i ∈ [n], fi(θ)< fi(ϑ). (30)

⇛⇛⇛ Pareto optimal solution θ : ∄ϑ ∈Θ : ϑ ≻ θ

⇛⇛⇛ Pareto front: Set of (all) Pareto optimal solutions
⇛⇛⇛ Provides a set of solutions; we might have to pick one
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Digression: Multi-objective

min
θ∈Θ

{ f1(θ), . . . , fn(θ)} (31)

Options other than Pareto optimality

⇛⇛⇛ Lexicographic ordering among objective – obj 1 ≻ obj 2 ≻ ·· ·
⇛⇛⇛ A domain specific scalarization with scalars λ1, . . . ,λn:

min
θ∈Θ

∑
i∈[n]

λi fi(θ) single objective optimization (32)
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Digression: Robust Multi-objective

⇛⇛⇛ We do not know the best scalarization

⇛⇛⇛ Optimize θ for the worst-case scalarization

min
θ∈Θ

max
λi,i∈[n]

∑
i∈[n]

λi fi(θ) minmax optimization (33)
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Digression: Robust Multi-objective

min
θ∈Θ

max
λi,i∈[n]

∑
i∈[n]

λi fi(θ) minmax optimization (34)

Meaningful to put constraints on {λi, i ∈ [n]}
⇛⇛⇛ Non-negative λi ≥ 0∀i ∈ [n] – corresponds to weighted (importance) sum of objs

⇛⇛⇛ Simplex cst ∑i∈[n] λi = 1 – weights induce a (discrete) distribution over objs

⇛⇛⇛ Gives us the n-simplex ∆n =
{

λ = [λ1, . . . ,λn] ∈ Rn,λi ∈ [0,1]∀i ∈ [n],1⊤n λ = 1
}

min
θ∈Θ

max
λ=[λ1,...,λn]

λ∈∆n

∑
i∈[n]

λi fi(θ) ≡ min
θ∈Θ

max
i∈[n]

fi(θ) (35)
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Digression: Robust Multi-objective

min
θ∈Θ

max
λ=[λ1,...,λn]

λ∈∆n

∑
i∈[n]

λi fi(θ) ≡ min
θ∈Θ

max
i∈[n]

fi(θ) (36)

⇛⇛⇛ Optimize for the worst-case obj

⇛⇛⇛ Find θ so that all objs are “good” – robust solution

⇛⇛⇛ Worst-case scalarization – solution robust to scalarization
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Robust Multi-objective Bi-Level

min
θ∈Θ⊂Rdu

max
i∈[n]

fu,i(θ ,φ
⋆
i (θ)) ≡ min

θ∈Θ⊂Rdu
max
λ∈∆n

∑
i∈[n]

λi fu,i(θ ,φ
⋆
i (θ))

subject to ∀i ∈ [n], φ
⋆
i (θ) = arg min

φi∈Φi=Rdl,i
fl,i(θ ,φi)

(37)

⇛⇛⇛ Multiple n > 1 UL/LL obj pairs { fu,i, fl,i}
⇛⇛⇛ Shared UL variable θ

⇛⇛⇛ Per-objective pair LL variable φi

⇛⇛⇛ LL variables can have different domains – that is, Φi ̸= Φ j

⇛⇛⇛ UL constrained

⇛⇛⇛ LL unconstrained + singleton solution
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Single-loop algorithm: MORBiT

Algorithm 2 Multi-obj Robust Bi-level Two-timescale Alg [Gu et al., 2022, 2023]
Input: Initialization θ 0,λ 0,φ 0

i , i ∈ [n]
Input: Initial learning rates α0,β 0,γ0 for UL, LL and simplex vars resp.
for k = 1,2, · · · ,K do

// Single LL descent step per LL objective

∀i ∈ [n], φ
k+1
i ← φ k

i −β k ∇φi fl,i(θ ,φi)
∣∣∣
θ=θ k,φi=φ k

i

// UL descent step with per-objective pair IG

θ k+1←PΘ

(
θ k−αk · ∑

i∈[n]
λ k

i ·
[

∇θ fu,i(θ ,φi) − ∇̄ fu,i(θ ,φi)
]∣∣∣

θ=θ k,φi=φ
k+1
i

)
// Simplex variable ascent step

λ k+1←P∆n

(
λ k + γk ·

[
fu,1(θ

k+1,φ k+1
1 ), · · · , fu,n(θ

k+1,φ k+1
n )

]⊤)
return θ K+1,

{
φ

K+1
i

}
i∈[n]
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Single-loop algorithm: MORBiT

Algorithm 3 Multi-obj Robust Bi-level Two-timescale Alg [Gu et al., 2022, 2023]
Input: Initialization θ 0 ,λ 0 ,φ0

i , i ∈ [n]
Input: Initial learning rates α0 ,β 0 ,γ0 for UL, LL and simplex vars resp.
for k = 1,2, · · · ,K do

∀i ∈ [n], φ
k+1
i ← φ k

i −β k ∇φi fl,i(θ ,φi)

∣∣∣∣
θ=θk ,φi=φk

i

// Single LL descent step per LL objective

θ k+1 ←PΘ

(
θ k −αk · ∑

i∈[n]
λ k

i ·
[

∇θ fu,i(θ ,φi) − ∇̄ fu,i(θ ,φi)

]∣∣∣∣
θ=θk ,φi=φ

k+1
i

)
// UL descent step with per-objective

pair IG

λ k+1 ←P∆n

(
λ k + γk ·

[
fu,1(θ k+1 ,φ k+1

1 ), · · · , fu,n(θ k+1 ,φ k+1
n )

]⊤)
// Simplex variable ascent step

return θ K+1 ,
{

φ
K+1
i

}
i∈[n]

∇̄ fu,i(θ ,φi) = ∇
2
θ ,φi

fl,i(θ ,φi) · ∇
2
φi,φi

fl,i(θ ,φi)
−1 · ∇φi fu,i(θ ,φi) (38)
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Empirical Evaluation: Multi-task Learning

Representation Learning

⇛⇛⇛ UL var θ – shared representation

⇛⇛⇛ LL var φi – per-task learner

Hyperparameter Optimization

⇛⇛⇛ UL var θ – shared hyperparameter

⇛⇛⇛ LL var φi – per-task model

30/39 Sanjeeb Dash / Parikshit Ram – Stochastic Bi-level Problems: Variants, Algorithms, and Implementation © 2023 IBM Corporation



Outline

1 Bi-level Problem Variants & Algorithms
Handling Constraints
Non-Singleton LL
Specialized solvers
Multi-objective Bi-level

2 Implementation Details

3 Further Reading

31/39 Sanjeeb Dash / Parikshit Ram – Stochastic Bi-level Problems: Variants, Algorithms, and Implementation © 2023 IBM Corporation



Computational Bottleneck: IG-based Schemes

∇̄ fu(θ ,φ) = ∇
2
θφ fl(θ ,φ) ·∇2

φ fl(θ ,φ)
−1 ·∇φ fu(θ ,φ) (39)

⇛⇛⇛ Inverse Hessian-vector Product (HvP) [∇2
φ

fl]
−1 · v

⇛⇛⇛ Conjugate Gradient needs HvP ∇
2
φ fl · v

⇛⇛⇛ Neumann series approx needs HvP:

[I−∇
2
φ fl]

i · v = [I−∇
2
φ fl]

i−1 · [I · v− ∇
2
φ fl · v ]

⇛⇛⇛ Jacobian-vector product (JvP) ∇
2
θφ fl · v

Input: PD sym H ∈ Rd×d , vec v ∈ Rd

Input: Init x0 ∈ Rd , prec ε > 0, max iters n
d0 = r0 ← v−Hx0
for i← 0,1, . . . ,n do

αi ← (d⊤i ri)/(d⊤i Hdi )

xi+1 ← xi +αidi

ri+1 ← ri−αi Hdi

βi+1 ← (r⊤i+1ri+1)/(r⊤i ri)

di+1 ← ri+1 +βi+1di

if r⊤i+1ri+1 ≤ ε then
return xi

return xn+1
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Computational Bottleneck: Gradient-Unrolling Schemes

Backward-mode hypergradient (dϕT/dθ)⊤v
for some v ∈ Rdl

⇛⇛⇛ αT ← v, g← 0 ∈ Rdu

⇛⇛⇛ for t = (T −1)→ 1
⇛⇛⇛ Compute At+1,Bt+1
⇛⇛⇛ Update g← g+Bt+1 ·αt+1
⇛⇛⇛ Update αt ← At+1 ·αt+1

⇛⇛⇛ Return g

With ϕ t ← ϕ t−1−β∇φ fl(θ
k,ϕ t−1)

⇛⇛⇛ At =
(

I−β∇2
φ

fl(θ
k,ϕ t−1)

)
,

⇛⇛⇛ Bt =−β∇2
θφ

fl(θ
k,ϕ t−1)

⇛⇛⇛ At · v = (I ·α−β ∇
2
φ fl · v )

⇛⇛⇛ Bt · v =−β ∇
2
θφ fl(θ

k,ϕ t−1) · v

Each iteration needs a HvP and a JvP!
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Computational Bottleneck: Ordering matters!

Consider following general operation (Hessian-vector if φ = ϕ):

∇
2
ϕφ f (ϕ,φ) · v =

(
∇ϕ

(
∇φ f (ϕ,φ)

)⊤) · v,
f : RD×Rd → R, ϕ ∈ RD, φ ∈ Rd , v ∈ Rd

(40)

Order of operations:

⇛⇛⇛ Compute gradient ∇φ f (ϕ,φ) ∈ Rd

✗ Compute Jacobian ∇ϕ

(
∇φ f (ϕ,φ)

)⊤ ∈ RD×d

✗ Compute Jacobian-vector product:
(

∇θ

(
∇φ f (ϕ,φ)

)⊤) · v ∈ RD
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Computational Bottleneck: Ordering matters!

∇
2
ϕφ f (ϕ,φ) · v =

(
∇ϕ

(
∇φ f (ϕ,φ)

)⊤) · v,
f : RD×Rd → R, ϕ ∈ RD, φ ∈ Rd , v ∈ Rd

(41)

Operations can be re-ordered assuming v is a constant:

⇛⇛⇛ Compute gradient ∇φ f (ϕ,φ) ∈ Rd

✓ Compute gradient-vector dot-product ∇φ f (ϕ,φ)⊤v ∈ R (scalar)

⇛⇛⇛ Compute gradient ∇ϕ

(
∇φ f (ϕ,φ)⊤v

)
∈ RD

∇
2
ϕ,φ f (ϕ,φ) · v =

∇ϕ

(
∇φ f (ϕ,φ)

)⊤︸ ︷︷ ︸
1×d


︸ ︷︷ ︸

D×d

· v︸︷︷︸
d×1

= ∇ϕ

((
∇φ f (ϕ,φ)

)⊤ v
)

︸ ︷︷ ︸
scalar

, (42)
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Existing Literature on Stochastic Bilevel Optimization

Method Single-loop Θ⊂ Rdu Φ⊂ Rdl Hessian-free Multi-obj Min-max

BSA [Ghadimi and Wang, 2018] ✗ ✓ ✗ ✗ ✗ ✗
TTSA [Hong et al., 2020, 2023] ✓ ✓ ✗ ✗ ✗ ✗
StocBio [Ji et al., 2021] ✗ ✗ ✗ ✗ ✗ ✗
MRBO [Yang et al., 2021] ✓ ✗ ✗ ✗ ✗ ✗
VRBO [Yang et al., 2021] ✗ ✗ ✗ ✗ ✗ ✗
ALSET [Chen et al., 2021] ✓ ✗ ✗ ✗ ✗ ✗
BSG [Giovannelli et al., 2021] ✗ ✓ ✓ ✗ ✗ ✗
SignSGD+UL [Fan et al., 2021] ✗ ✓ ✗ ✓ ✗ ✗
PDBO [Sow et al., 2022a] ✗ ✓ ✓ ✓ ✗ ✓
STABLE [Chen et al., 2022] ✓ ✓ ✗ ✗ ✗ ✗
PZOBO [Sow et al., 2022b] ✗ ✗ ✗ ✓ ✗ ✗
MORBiT [Gu et al., 2022, 2023] ✓ ✓ ✗ ✗ ✓ ✓
MMB [Hu et al., 2022] ✓ ✗ ✗ ✗ ✗ ✓
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