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EDITO

Nous sommes heureux de vous accueillir à Clermont-Ferrand, du 28 au 30 juin 2023, pour la treizième
édition des Journées Polyèdres et Optimisation Combinatoires JPOC13.

L’optimisation combinatoire est une branche relativement jeune liée à la théorie des graphes, la program-
mation mathématique, l’informatique théorique (algorithmique et théorie de la complexité) et la recherche
opérationnelle. C’est une discipline qui ne cesse de se développer aussi bien sur le plan théorique qu’au ni-
veau des applications. Ces dernières années, des avancées majeures ont été observées en complexité et en
algorithmes d’approximation, mais aussi en performance de résolution de problèmes pratiques di�ciles et de
grande taille.

Les approches polyédrales constituent un des outils puissants de l’optimisation combinatoire. Initiées en
1965 par Jack Edmonds dans son étude du problème du couplage, elles sont maintenant de plus en plus utilisées
pour résoudre les problèmes di�ciles d’aide à la décision. Ces techniques qui s’appuient sur l’évolution des
outils informatiques de calcul, couplées avec d’autres méthodes comme la génération de colonnes, permettent
d’élaborer des algorithmes de résolution d’une e�cacité redoutable.

Un des objectifs de ces journées est de promouvoir les approches polyédrales et leurs applications en
optimisation combinatoire.

Nous avons le plaisir d’accueillir plus de 90 chercheurs, pour nous retrouver autour d’exposés dans le
domaine de l’optimisation combinatoire. Ces deux journées et demie comprennent six plénières de chercheurs
invités, sept exposés semi-pléniers et dix-huit exposés de doctorants.

Merci d’être venu pour les 20 ans de cette conférence !

Le comité d’organisation
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PROGRAMME

Mercredi 28 juin 2023

Accueil : 11h00-12h00 et 13h00-14h00

14h00 - 14h30 Ouverture des journées

Baiou Mourad, Ridha Mahjoub

14h30 - 15h20
Identi�cation problems in graphs and other discrete structures
Florent Foucaud

15h20 - 15h50
Submodular maximization of concave utility functions composed with a set-union operator with
applications to maximal covering location problems
Stefano Coniglio, Fabio Furini, Ivana Ljubic

15h50 - 16h10
Formulation étendue pour le problème de l’arbre couvrant budgeté
Hassene Aissi, A. Ridha Mahjoub, Charles Nourry

16h10 - 16h30
How to cut e�ciently in bi-objective Branch&Cut algorithm?
Pierre Fouilhoux, Lucas Létocart,Yue Zhang

17h00 - 18h30 Evénement Social

19h30 - 20h15 Apéritif de bienvenue
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Jeudi 29 juin 2023

08h30 - 09h20
Mathematical Formulations for Consistent Travelling Salesman Problems
Juan José Salazar Gonzalez

09h20 - 09h50
Sequential matroid-game against greedy
Denis Cornaz, Michael Lampis, Emiliano Lancini

09h50 - 10h10
Optimization methods for the multi-commodity �ow blocker problem
Isma Bentoumi, Fabio Furini, A. Ridha Mahjoub, Sebastien Martin

10h10 - 10h30
Triangulation de Hilbert unimodulaire des cônes simples totalement équimodulaires
Roland Grappe,Mathieu Vallée

10h30 - 11h00 Pause Café

11h00 - 11h50
Perspective Formulations for piecewise convex functions : a theoretical and computational
comparison
Claudia D’Ambrosio

11h50 - 12h10
A new hybrid method for unconstrained quadratic programming combined with the techniques
of semide�nite programming and branch-and-bound method
Rabih Ba�ikh, Hassan Alabboud, Jida Bassem, Yassine Adnan

112h10 - 12h30
Algorithme de Branch&Cut exploitant les symétries du polytope du sac-à-dos matriciel symétrique
en poids
Pascale Bendotti, Alexandre Heintzmann, Cécile Rottner

12h30 - 14h00 Déjeuner

14h00 - 14h50
The 4/3 Conjecture : Is it true or false?
Sylvia Boyd

14h50 - 15h20
Online Covering with Multiple Experts
Enicõ Kevi, Kim Thang Nguyen

15h20 - 15h40
An e�cient 2-competitive online algorithm for kit update at MSF Logistique
Boris Detienne,Mickael Gaury, Gautier Stau�er

15h40 - 16h00
Pickup and Delivery Problem with Cooperative Robots
Jean-Philippe Gayon, Viet Hung Nguyen, Chi Thao Nguyen, Alain Quilliot, Anh Son Ta
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16h00 - 16h30 Pause Café

16h30 - 17h20
A new algorithm for increasing the weight of minimum spanning trees and hypertrees
Mourad Baïou,Francisco Barahona

17h20 - 17h40
An hypergraph based formulation for an Automatic Storage Design problem
François Clautiaux, Aurélien Froger, Luis Marques

17h40 - 18h00
Nouveaux modèles pour la construction d’arbres de classi�cation optimaux
Zacharie Ales, Valentine Huré, Amélie Lambert

19h30 - 22h00 Repas de Gala
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Vendredi 30 juin 2023

08h30 - 08h50
On the star forest polytope for cactus graphs
Viet Hung Nguyen,Thanh Loan Nguyen, Minh Hieu Nguyen

08h50 - 09h40
Geometric Packing, Hitting and Representation : the simplest Open Challenges on Geometric
Intersection Graphs
Marco Caoduro,Andras Sebo

09h40 - 10h10
Maximum chordal subgraph problem
François Clautiaux,Pierre Pesneau

10h10 - 10h30
On the box-total dual integrality of the perfect matching polytope
Roland Grappe, Mathieu Lacroix,Francesco Pisanu, Francesco Pisanu, Roberto Wol�er Calvo

16h00 - 16h30 Pause Café

11h00 - 11h30
What is the gradient of a Linear Program? Automatic di�erentiation on a polytope
Léo Baty, Louis Bouvier, Guillaume Dalle, Axel Parmentier

11h30 - 11h50
A branch-and-bound algorithm for two-stage no-wait hybrid �ow shop scheduling with interstage
�exibility
MN. Azaiez, A. Gharbi, Imed Kacem,Yosra Makhlouf

11h50 - 12h10
Quantum speed-ups for single-machine scheduling problems
Eric Bourreau, Camille Grange, Michael Poss, Vincent T’Kindt

12h10 - 12h30
Cutting Plane and Column Generation Algorithms for the Survivable Constrained-Routing and
Spectrum Assignment Problem
Ibrahima Diarassouba, Youssouf Hadhbi, A. Ridha Mahjoub

12h30 - 14h00 Déjeuner

14h00 - 14h30
Smoothed analysis of the simplex method
Sophie Huiberts

14h30 - 15h00
The quickest route problem
Jean-François Maurras

15h00 - 15h20
Formulation étendue pour le polytope des co-2-plexes
Alexandre Dupont-Bouillard, Pierre Fouilhoux, Roland Grappe, Mathieu Lacroix

15h20 - 15h40
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Formulations linéaires pour le problème d’isomorphisme de sous graphes non induits
Etienne De Gastines, Arnaud Knippel

15h40 - 16h00
Initial Lagrangian Multipliers Prediction Based on GNNs to Speed Up Bundle Methods
Francesco Demelas, Mathieu Lacroix, Joseph Le Roux, Axel Parmentier

16h00 -∞ Goûter de clôture des journées
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Identi�cation problems in graphs and other discrete
structures

Florent Foucaud, Enseignant-chercheur

Laboratoire LIMOS, UMR CNRS 7024, INP et Université Clermont Auvergne,

Campus Universitaire des Cézeaux.1 rue de la Chebarde.TSA 60125. CS 60026 63178

AUBIERE CEDEX

France

�orent.foucaud@uca.fr

Mots-clefs : identi�cation problems on graphs

1 Abstract

We will address selected topics in the area of identi�cation problems on graphs and other

discrete structures. In this type of problems, we wish to select a small set of elements (usually

vertices, but sometimes edges, paths, etc) with the goal of distinguishing a set of structures

(usually, the vertices or the edges of the graph) by means of membership, neighbourhood or

distances to the elements in the solution set. We will highlight a number of recent interesting

results, problems and conjectures in the area.
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Submodular maximization of concave utility functions
composed with a set-union operator with applications

to maximal covering location problems

Stefano Coniglio and Fabio Furini and Ivana Ljubi¢

1. University of Bergamo, Bergamo, Italy

stefano.coniglio@unibg.it

2.University of La Sapienza, Rome, Italy

fabio.furini@uniroma1.it

3. ESSEC Business School of Paris, Cergy-Pontoise, France

ljubic@essec.edu

Keywords : Submodular maximization, Benders decomposition, Utility Functions, Mixed-
Integer Nonlinear Optimization

1 Introduction

The problem of maximizing a concave, strictly increasing and di�erentiable utility function f :
R → R over a discrete set plays an important role in many investment problems with discrete
choices, competitive facility location or combinatorial auctions. In such utility-maximization
problems, the function f typically models the decision maker's risk-averse attitude. When some
of the coe�cients of f are subject to uncertainty, the tools of stochastic optimization are used
to maximize it in expectation over a typically discrete set of scenarios.

In this work, we study a generalization of a problem introduced in [1] in which we are given a
set N of n items, and an additional ground set N̂ of n̂ metaitems. We assume that the two ground
sets N and N̂ are linked by a covering relationship modeled by a bipartite graph G = (N̂ ∪N,E)
where, for each j ∈ N and ` ∈ N̂ , {j, `} ∈ E if and only if item j is covered by metaitem `. For
each item j ∈ N , we de�ne by N̂(j) ⊆ N̂ the set of metaitems of N̂ by which j is covered and,
for each ` ∈ N̂ , we de�ne by N(`) ⊆ N the set of items that are covered by `. In order to access
an item j of N and bene�t from its pro�t, the decision maker has to select at least one of the
metaitems ` ∈ N̂ covering it.

From a stochastic-optimization perspective, we assume that we are given a �nite set M of
m discrete scenarios, each occurring with a strictly positive probability πi, i ∈ M . In addition,
let aij ∈ R+, i ∈ M, j ∈ N , and di ∈ R+, i ∈ M , be nonnegative real numbers. The values of
aij represent the pro�t collected under scenario i if item j is �covered�. To model the behavior
of risk-averse decision makers, we consider a utility function f , such as the negative exponential
function

f(z) = 1− exp

(
− z

λ

)
, (f)

which is frequently used in the literature (see, e.g., [1,5]). Here, λ > 0 represents the risk-
tolerance parameter and, the larger the value of λ and, thus, the closer f is to being linear, the
less risk-averse the decision maker is.

The problem we study asks for �nding a subset of metaitems (subject to given cardinality
or other constraints) which maximizes the expected utility of the sum of the pro�t of covered
items.
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After introducing a binary variable y` ∈ {0, 1} for each ` ∈ N̂ , equal to 1 if and only if
metaitem ` is chosen, and the binary variable xj set to one if and only if the item j ∈ N is
covered, the problem can be cast as the following mixed-integer non-linear program (MINLP):

max
x∈{0,1}n

y∈Y ∩{0,1}n̂

∑

i∈M
πi f

(∑

j∈N
aij xj + di

)
(1a)

s.t. xj ≤
∑

`∈N̂(j)

y` j ∈ N (1b)

y` ≤ xj ` ∈ N̂ , j ∈ N(`), (1c)

where Y is a polyhedron encapsulating the constraints imposed on the set of metaitems (such
as caradinality or budget constraints) and Y ∩ {0, 1}n̂ is the discrete set of feasible choices of
metaitems. The objective function corresponds to the expected value of f over the given set
of scenarios. For each j ∈ N , Constraints (1b) and (1c) imply that an item j ∈ N is taken if
and only if at least a metaitem ` in N̂ is chosen from N̂(j) ⊆ N̂ . Since the objective function
of the problem is strictly increasing, Constraints (1c) are automatically satis�ed in any optimal
solution and can be dropped. Besides being binary, no further constraints are assumed for x.

2 Our Conribution

Throughout the paper, we focus on the case with n� n̂, i.e., with a number of items orders of
magnitude larger than the number of metaitems, which holds in many applications, including
those in competitive facility location [3], or in�uence maximization [4]. We derive a novel exact
solution method for solving Problem (1) based on a double-hypograph decomposition. In this
approach, the many variables associated with the item set N are projected out and the problem
is formulated using the binary y variables and an additional set of n auxiliary variables. Such
a decomposition exploits the structural properties of the utility function f and of the set-union
operator (which is used to model the covering relationships). The function f is linearized via an
outer-approximation method, whereas the set-union operator is linearized in two ways: either (i)
via a reformulation based on submodular cuts or (ii) via a Benders decomposition. Assuming f
can be computed in constant time, the inequalities arising from the outer approximation com-
bined with the Benders decomposition can be separated in linear time even for fractional points.
We compare the strength of the two resulting mixed integer linear programming reformulations
from a theoretical perspective, and also show how to extend them to the case where the utility
function is not necessarily increasing. Lastly, we embed the reformulations in two branch-and-cut
algorithms, the most e�cient of which, according to our computational experiments, allows for
solving to optimality instances with up to n = 20, 000, n̂ = 60, and m = 100 in a short amount
of computing time.

The full version of this work has appeared in [2].
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Formulation étendue pour le problème de l'arbre
couvrant budgeté

Charles Nourry1, A. Ridha Mahjoub1 et Hassène Aissi1

1. Laboratoire LAMSADE, UMR CNRS 7024, Université Paris-Dauphine
Place du Maréchal de Lattre de Tassigny, 75775 Paris Cedex 16, France

charles.nourry@dauphine.psl.eu
{ridha.mahjoub,hassan.aissi}@lamsade.dauphine.fr

Mots-clefs : optimisation combinatoire, approches polyédrales, formulation étendue, inégalité
valide, théorie des graphes

1 Introduction du problème

Le problème de l'arbre couvrant budgeté se situe à l'intersection du problème de l'arbre
couvrant de poids minimum et du problème du sac à dos, deux problèmes très connus dans le
domaine de la recherche opérationnelle. Il peut se dé�nir de la manière suivante ; étant donné
une quantité B d'une ressource et un graphe G = (V,E) où chaque arête e ∈ E est associée à un
coût ce ∈ Q et une consommation en ressource we ∈ Q. Une solution réalisable pour le problème
de l'arbre couvrant budgeté correspond donc à un arbre couvrant T satisfaisant la contrainte
de budget

∑
e∈E(T )we ≤ B. Ce problème peut être retrouvé dans de nombreux cas pratiques,

notamment dans le domaine de la télécommunication, mais également en tant que sous-problème
dans certaines décompositions. Etant à l'intersection d'un problème polynomial et d'un problème
faiblement NP-di�cile, le problème de l'arbre budgeté à été montré comme étant également
faiblement NP-di�cile par [1]. Plusieurs approches ont été utilisées pour résoudre ce problème,
notamment des algorithmes d'approximations comme [3,4]. Nous abordons ce problème avec
une approche basée sur la programmation mathématique. La contrainte de budget va modi�er la
structure des polyèdres plus ou moins connus associés aux di�érentes formulations du problème de
l'arbre couvrant. L'objectif principal de notre travail est de comprendre ces nouvelles descriptions,
trouver des formulations étendues et les exploiter pour trouver des inégalités valides a�n de
concevoir des algorithmes de branchements e�caces pour résoudre ce problème de réseau budgété.

2 Formulation étendue du problème

Le problème de l'arbre couvrant classique a été beaucoup étudié, il existe de nombreuses for-
mulations en programme linéaire a�n de modéliser ce problème, dont celle basée sur l'élimination
des sous-tours, qui est entière. Dans le cas budgeté, on ajoute la contrainte de sac à dos ainsi
que des contraintes d'intégrité car l'introduction de cette nouvelle inégalité va faire apparaître
des points extrêmes fractionnaires. Dans chacune de ces formulations, on associe à chaque arête
e ∈ E une variable binaire xe (qui prend la valeur 1 si l'arête appartient à la solution, 0 sinon),
on obtient donc le programme :
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min
∑

e∈E
ce · xe

s.t.
∑

e∈E(S)

xe ≤ |S| − 1 ∀S ⊆ V, 2 ≤ |S| ≤ |V | − 1

∑

e∈E
xe = |V | − 1

∑

e∈E
we · xe ≤ B

xe ∈ {0, 1} ∀e ∈ E

Bien que la relaxation de cette formulation soit très proche de la solution optimale, la résolu-
tion de ce programme linéaire en nombres entiers peut prendre beaucoup de temps. Nous avons
donc cherché des formulations étendues ainsi que des inégalités valides a�n de renforcer cette
formulation et ainsi améliorer les temps de résolution.
Notre formulation étendue est basée sur un cas particulier de problème de l'arbre couvrant bud-
geté dans lequel la contrainte de sac à dos peut être associée à un matroïde, et le théorème sur
l'intersection de deux matroïdes d'Edmonds ; la formulation ci-dessus est entière et les points
extrêmes correspondent aux bases situées à l'intersection des deux matroïdes. Dans le problème
de l'arbre couvrant budgeté, on retrouve le matroïde graphique dont les bases correspondent
à l'ensemble des arbres couvrant du graphe, et donc dès lors que la contrainte de budget cor-
respond également à un matroïde, on connait un polyèdre entier pour notre problème budgeté.
En partant de ce théorème ainsi que des travaux de Balas sur la programmation disjonctive [2],
nous avons donné une formulation linéaire qui décrit parfaitement le problème budgeté, mais de
taille potentiellement exponentielle. Pour cela, nous proposons une décomposition de la partie
sac à dos jusqu'à obtenir des descriptions que l'on peut associer à des matroïdes. Bien que très
intéressante théoriquement, une formulation aussi immense ne peut être utilisée directement en
pratique, nous avons donc étudié la projection de cette formulation a�n d'obtenir des inégali-
tés valides pour le problème, ainsi que des relaxations de cette formulation a�n de l'incorporer
dans des procédures de séparations e�caces. Nous avons identi�er plusieurs familles d'inégalités
valides situées à l'intersection du problème de l'arbre couvrant et du sac à dos. Certaines vont
venir enrichir la formulation initiale alors que d'autres seront très e�caces dans des procédures
de séparation pour couper les solutions fractionnaires. Plusieurs de ces familles d'inégalités sont
générées via dualité, en utilisant le lemme de Farkas, elles peuvent donc avoir des patterns ou
des coe�cients arbitraires, spéci�que à l'état du primal. Plusieurs tests ont été réalisés, avec
des formulations compactes et de taille exponentielle a�n de tester nos inégalités valides et de
résoudre le problème le plus vite possible.

3 Conclusions

L'étude de cette formulation étendue entière nous a permis d'identi�er di�érents patterns
d'inégalités valides combinant la contrainte du sac à dos ainsi que la structure de l'arbre couvrant.
Ces contraintes ont été intégrées dans des algorithmes de branchements a�n de tester leurs
e�cacités dans la résolution du problème de l'arbre couvrant budgeté.
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How to cut efficiently in bi-objective Branch&Cut
algorithm ?

Pierre Fouilhoux, Lucas Létocart, Yue Zhang

LIPN, Université Sorbonne Paris Nord, CNRS UMR 7030, Villetaneuse, France
{pierre.fouilhoux, lucas.letocart, yue.zhang}@lipn.univ-paris13.fr

Keywords : multi-objective integer programming, Branch&Cut, multi-point separation, poly-
hedral approach.

1 Introduction to multi-objective combinatorial optimization

Many real-world applications are characterized by multiple, usually conflicting objectives and
there is often no ideal solution optimizing every objective simultaneously. Consequently, in the
multi-objective context, we are interested in Pareto optimal [1] also called efficient solutions that
cannot be improved in any objective without losing advantages in at least one of other objectives.
Without loss of generality, consider the following multi-objective integer program (MOIP)

min
x

z(x) = (z1(x), . . . , zp(x))

s.t. x ∈ X = {x ∈ Nn : Ax ≤ b}
where p ≥ 2, A ∈ Rm×n and b ∈ Rm. Denote Y = z(X ) the image of the set of feasible solutions,
Ỹ = z(X̃ ) the image of polyhedron X̃ = {x ∈ Rn : Ax ≤ b} with relaxed integrity, YN = z(XE)
the non-dominated set that is the image of efficient solutions. Our goal is to enumerate the
complete non-dominated set YN , in order to let deciders choose their preferred solutions among
these (potentially exponentially many) efficient solutions [2].

In the literature, exact approaches for multi-objective optimization problems are mainly
divided in two categories : the criterion space search scheme and decision space search scheme.
Under the criterion space scheme, algorithms explore the objective space and iteratively solve a
(mono-objective) IP problem, such as the dichotomy method [3], the ϵ-constraint algorithm [4]
and the boxed line method [5]. However this approach might be highly time consuming, since the
at each step optimizing an IP problem is generallyNP-hard. As to the decision space exploration,
the only known framework is the multi-objective Branch&Bound (MOB&B) algorithm [6]. Such a
fully implicit enumeration ensures a complete outcome YN , iteratively focuses on a easier relaxed
subproblem, and can be accelerated by strengthening on the relaxation bound.

In this work, we propose a first generic bi-objective Branch&Cut (BOB&C) algorithm with
several alternative ways of adding valid inequalities including multi-point cutting plane algorithm
and other improvements.

2 Bi-objective Branch&Bound algorithm

In mono-objective case, the B&B tree search stops when the gap reaches 0 i.e. the lower
bound value l equals the upper bound value u. However, the two bounds l, u ∈ Rp bounding
every non-dominated point (i.e. l ≦ y ≦ u, ∀y ∈ YN ) are located far away in objective space
and never achieve the equality. In multi-objective context, we consider the following definition
of bound sets.
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Definition 2.1 (Bound sets [7]). Let Y ⊂ YN . A lower bound set (LBS) L for Y is an Rp
≧-closed

and Rp
≧-bounded set L ⊂ Rp such that Y ⊂ L + Rp

≧ and L ⊂ (L + Rp
≧)N . An upper bound set

(UBS) U for Y is an Rp
≧-closed and Rp

≧-bounded set U ⊂ Rp such that Y ⊂ cl[(U + Rp
≧)c] and

U ⊂ (U + Rp
≧)N .

The bi-objective B&B algorithm [6, 8] is a natural extension of the B&B algorithm for (mixed)
integer problems. Each subproblem is evaluated by the two bound sets in Definition 2.1.

The lower bound set is constructed from solving the relaxed subproblem (such as convex
relaxation, surrogate relaxation), in this work, we consider the simply BOLP relaxation. First
we enumerate every non-dominated extreme points on the relaxed polyhedron Ỹ in a dichto-
mic search [3], then the line segments of such extreme points yield exactly the non-dominated
boundaries of Ỹ, which is well a valid LBS.

A global upper bound set is built from scratch and is updated whenever a feasible solution
is encountered. Subsequently, the current node can be pruned by

- infeasibility
- integrity : when current subproblem has an unique integer solution
- dominance : when the LBS is dominated by current UBS

Otherwise, we continue to branch on free variables or on objective space by Extended Pareto
branching (EPB) [9, 10, 11] to split the current problem into distinct subproblems. For instance
in Figure 1, the lower bound set ỸN drawn in green segments is not completely dominated
by the upper bound set drawn in red dashed lines, the EPB divides the gray search area into
three subproblems respectively bounding by the local nadir points µ1, µ2, µ3. The advantage of
EPB rule is that the more non-dominated area split by EPB, the more research area could be
discarded.

z2

z1

SP (µ1)

SP (µ2)

SP (µ3)ỸN

µ1

µ2

µ3

Figure 1 – An example of the Exten-
ded Pareto branching.

z2

z1

conv(Y)

ỸN

ỹ1

ỹ2

ỹ3
αx̃3 > β

αx̃1 > β

Figure 2 – The multi-point separa-
tion problem.

3 Bi-objective Branch&Cut algorithm

Multi-point cutting plane scheme To improve the tree search process in BOB&B algorithm,
we would like to enhance the lower bound set by polyhedral approaches. Due to the exponential
many of lower bounds, rather than applying valid inequalities individually on each lower bound,

17



we prefer to provide the valid inequalities simultaneously separating several points from conv(Y).
In bi-objective space, the non-dominated points are lying in a natural order from the left-up to
the right-bottom, such a multi-point separation problem is reduced to generate a valid inequality
violated only by the two left-most and right-most points in the subset points. In Figure 2, we
illustrate the non-dominated parts of valid inequality’s image in criteria space separating the
convex combination of {ỹ1, ỹ2, ỹ3} (on the red LBS) from conv(Y) polytope in blue.

To see the efficiency of our multi-point cutting plane algorithm, we implement an heuristic
multi-point separator providing the cover inequality for each knapsack like constraint.

Cutting by commercial solver as black-box Various common valid cuts have been well
integrated in the commercial solvers, our subsequent ambition is to make use of the powerful
framework (like cut generations, heuristics, preprocessing etc) afforded by modern solvers. While
constructing the LBS by solving a series of weighted-sum problems Pλ{minλT z(x), x ∈ X},
the idea is to let the solver treat with the integer problem and get the best fractional solution
found so far during a fixed limit. Therefore, each lower bound is obtained independently with the
strong help of the solver (different valid cuts, reductions etc). The non-dominated segments of
the convex combination of lower bounds mentioned in the previous section is not valid anymore,
as the set of lower bounds are not the extreme points on the same polyhedron. We proposed a
new algorithm computing a valid LBS constructed as the convex intersection of straight lines
respectively passing by lower bound and perpendicular to the parameter normal λ.

Since the LBS construction is the main time-consuming factor in our BOB&C algorithm, we
propose the partial re-optimization, the intersection with predecessor’s node LBS etc, to avoid
the exhaustive computation of LBS.

4 Preliminary experimental results

Our BOB&C algorithm is implemented in Julia 1 language and under vOptSlover 2 pro-
ject, which is an open-source software devoted to solving generic MOIP problems. Our experi-
mentation is mainly tested on bi-dimensional knapsack instances collected in the the VoptLib 3

library, on set covering instances and on the multi-demand multi-dimensional knapsack instances
[12] randomly generated, and run on the Nvidia Quadro RTX 5000 GPU accelerators with 16GB
of RAM and 40 CPU processors.

Our first preliminary experiments show the strong efficiency of our multi-point cutting plane
algorithm that provides much more valid inequalities cutting several points at the same time
than valid cuts violating single point, reduces up to 70% nodes of B&B tree without applying
cuts, and significantly improves the computation time with EPB.

Thanks to the advanced commercial solver, the BOB&C algorithm invoking solver’s cut gene-
ration as black-box (especially with EPB) outperforms among the different version BOB&B&C
algorithms and trends to be competitive on large instances compared to ϵ-constraint algorithm.

1. https://julialang.org
2. http://github.com/vOptSolver
3. https://github.com/vOptSolver/vOptLib

18



Références

[1] Vilfredo Pareto. Manuel d’économie politique, volume 38. Giard & Brière, 1909.

[2] Matthias Ehrgott. Approximation algorithms for combinatorial multicriteria optimization
problems. International Transactions in Operational Research, 7(1) :5–31, 2000.

[3] Anthony Przybylski, Xavier Gandibleux, and Matthias Ehrgott. A recursive algorithm for
finding all nondominated extreme points in the outcome set of a multiobjective integer
programme. INFORMS Journal on Computing, 22(3) :371–386, 2010.

[4] George Mavrotas. Effective implementation of the ε-constraint method in multi-objective
mathematical programming problems. Applied mathematics and computation, 213(2) :455–
465, 2009.

[5] Natashia Boland, Hadi Charkhgard, and Martin Savelsbergh. A criterion space search algo-
rithm for biobjective integer programming : The balanced box method. INFORMS Journal
on Computing, 27(4) :735–754, 2015.

[6] Gülseren Kiziltan and Erkut Yucaoğlu. An algorithm for multiobjective zero-one linear
programming. Management Science, 29(12) :1444–1453, 1983.

[7] Matthias Ehrgott and Xavier Gandibleux. Bound sets for biobjective combinatorial optimi-
zation problems. Computers & Operations Research, 34(9) :2674–2694, 2007.

[8] Anthony Przybylski and Xavier Gandibleux. Multi-objective branch and bound. European
Journal of Operational Research, 260(3) :856–872, 2017.

[9] Thomas Stidsen, Kim Allan Andersen, and Bernd Dammann. A branch and bound algorithm
for a class of biobjective mixed integer programs. Management Science, 60(4) :1009–1032,
2014.

[10] Sune Lauth Gadegaard, Lars Relund Nielsen, and Matthias Ehrgott. Bi-objective branch-
and-cut algorithms based on lp relaxation and bound sets. INFORMS Journal on Compu-
ting, 31(4) :790–804, 2019.

[11] Nicolas Forget, Sune Lauth Gadegaard, Kathrin Klamroth, Lars Relund Nielsen, and An-
thony Przybylski. Branch-and-bound and objective branching with three or more objectives.
Computers & Operations Research, 148 :106012, 2022.

[12] Paola Cappanera and Marco Trubian. A local-search-based heuristic for the demand-
constrained multidimensional knapsack problem. INFORMS Journal on Computing,
17(1) :82–98, 2005.

19



Mathematical Formulations for Consistent Travelling
Salesman Problems

Juan José Salazar Gonzalez, Professeur

université de La Laguna,

Spania

Mots-clefs : TSP.

1 Abstract

The consistent travelling salesman problem looks for a minimum-cost set of Hamiltonian

routes, one for every day of a given time period. When a customer requires service over seve-

ral days, the service times on di�erent days must di�er by no more than a given threshold (for

example, one hour). We analyze two variants of the problem, depending on whether the vehicle is

allowed to wait or not at a customer location before its service starts. There are three mathema-

tical models in the literature for the problem without waiting times, and this paper describes a

new model appropriate to be solved with a branch-and-cut algorithm. The new model is a multi-

commodity �ow formulation on which Benders' Decomposition helps manage a large number of

�ow variables. There were no mathematical models in the literature for the variant with waiting

times, and this paper adapts the four mathematical models to it. We analyze the computational

results of the formulations on instances from the literature with up to 100 customers and three

days.
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Sequential matroid-game against Greedy

D. Cornaz, E. Lancini and M. Lampis
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Let E = {1, . . . , n} be the edge-set of a loopless undirected graph G so that {1, . . . , 2r} ⊆ E

is an inclusion-wise maximal forest of G. The players pick alternatively edges by respecting the

rule of the game, which is that the union of the picked edges has no circuit, that is, at each round,

A ∪ B must be a forest of the graph, if A denotes the set of edges picked by one player, and B

those picked by the other player.

One of the player, denoted Greedy is totally predictable, and in fact, the ordering E =

{1, . . . , n} is also its preference order, and in fact, its strategy. The other, say Player, will try to

optimize his set of edges.

For instance, let A := ∅, B := ∅, and E = {1, . . . , 15} be the set of elements of the following

graph:

• • • • •

• • • • • •

1 4 6 3 5
2

8 14 9 15 10

11 7 12 13

Observe that {1, . . . , 10} is a spanning tree of G. Let w be the following vector:

e = 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

we = 4 3 1 1 1 1 1 1 4 3 1 1 2 5 3

So the game will run as follows: While it is possible, Player chooses an edge a ∈ E \ (A ∪B)

so that A ∪ {a} ∪ B is a forest and reset A := A ∪ {a}, and then, Greedy picks, automatically,

the edge b wich is the minimum (with respect to the natural order) over b ∈ E \ (A ∪ B) so that

A ∪B ∪ {b} is a forest, and reset B := B ∪ {b}.
Player always plays the first, and, for our example, a possible scenario for the game is as

follow :
Round 1 2 3 4 5

Player picks 1 13 15 14 9

Greedy picks 2 4 6 8 10
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Hence, on the given graph with the given weight vector, an optimal strategy for Player ensures

him to construct against Greedy a set A with weight at least w(A) ≥ 4 + 2 + 3 + 5 + 4 = 16.

This game can be generalized to matroids. We proved that it is NP-hard to find an optimal

strategy for graphs, but, using Ghouila-Houri’s characterization of totally unimodular matrices,

polynomial for laminar matroids.
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1 Introduction

We are interested in evaluating the strength of a network by determining the maximum num-
ber of failures that it can face. This can be done by solving a multi-commodity �ow blocker
problem.
Let G = (V,A) be a directed graph where V is the set of vertices and A the set of arcs. Every arc
a ∈ A is associated with a capacity ca ∈ Z+ and a �ow cost pa ∈ Z+. Every commodity k ∈ K is
de�ned as a triplet (sk, tk, dk) where sk ∈ V is the source, tk ∈ V is the destination and dk ∈ Z+

the bandwidth, i.e., the amount of �ow that should pass from sk to tk. The multi-commodity
�ow problem (MCFP) consists in �nding a set of arcs in G, called multicommodity �ow, routing
�ow to satisfy all commodities K, with respect to �ow conservation constraints and capacity
constraints. The MCFP aims to minimize the total �ow cost. We study the blocker problem
applied to the multi-commodity �ow problem, which is called the multi-commodity �ow blocker
problem (MCFBP). Given an interdiction cost ra ∈ Z+ associated with every arc a ∈ A, the
MCFBP consists in �nding a set of arcs, with a minimum total interdiction cost, to remove from
the graph in such a way that the minimum cost of the multi-commodity �ow remaining in the
graph is greater than or equal to a given threshold. The threshold is called target cost value and
it is denoted by Φ. To the best of our knowledge, this problem has not been addressed in the
literature. However, many studies have been conducted on a closely related problem known as
the multicommodity �ow interdiction problem (MCFIP). We refer the interested reader to [2]
for further explanations regarding this problem.

We illustrate the features of optimal MCFBP solutions thanks to the graph shown in Figure
1 composed by 8 vertices, 12 arcs and 2 commodities k1 = (s1, t1, d1 = 8), k2 = (s2, t2, d2 = 10).
We report on each arc two values separated by the symbol � ;� : the �rst one, in blue, is the
capacity of the arc ; the second one, in black, is the cost for sending one unit of �ow through
the arc. The optimal MCFP solution in this network consists in sending 8 units of �ow from
s1 to t1 through path {(s1, v1), (v1, v3), (v3, t1)} and 10 units of �ow from s2 to t2 through path
{(s2, v2), (v2, v4), (v4, t2)} with a total cost equal to 268. We assume that all arcs have the same
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value of interdiction costs, equal to 1, and consider a target cost value equal to 300. An optimal
solution of the MCFBP consists in removing the arc (s2, v2), represented with a dashed line.
The minimum cost of the multi-commodity �ow remaining in the graph is equal to 418, which
is greater than 300.

s1

d1 = 8

s2

d2 = 10

v1

v2

v3

v4

t1

t2

8;
18

8; 17

8; 18

10; 2

1
2
;17

1
0;2

0 10
;2

0

20; 1

11; 5

8; 2

1;
9 12; 6

10; 3

Figure 1 � Example of an optimal solution for the MCFBP with a target cost value Φ = 300.

2 Solution approach

We introduce a new IP model for the multi-commodity �ow blocker problem. Our goal is to
provide a thin and well-understood formulation. This formulation has an exponential number
of constraints called cover constraints. It is based on the approach developed in [1] to solve the
most vital vertices for the shortest s-t path problem. Let za be a binary variable associated with
the set of arcs A of a graph G, each variable encoding whether the corresponding arc is removed
from G or not. Model (1) solves a multi-commodity �ow blocker problem.

min
∑

a∈A
rawa (1a)

∑

a∈mcf

wa ≥ 1 mcf ∈MCF, (1b)

wa ∈ {0, 1} a ∈ A, (1c)

where MCF is the set of all multi-commodity �ows in G with a total cost less than the target
cost value Φ.

We examine the polyhedral structure of Formulation (1) and give new valid inequalities to
strengthen the model. Using this, we develop a Branch-and-cut algorithm to solve Model (1).

References

[1] Magnouche, Y. and S. Martin (2020). Most vital vertices for the shortest s−t path pro-
blem : complexity and branch−and−cut algorithm. Optimization Letters 14, 2039�2053.

[2] Lim, C. and J. C. Smith (2007). Algorithms for discrete and continuous multicommodity
�ow network interdiction problems. IIE Transactions 39 (1), 15�26.

24



Triangulation de Hilbert unimodulaire des cones simples
totalements équimodulaires
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Nous nous intéressons aux cones simples générés par les familles de vecteurs
totalements équimodulaires. Nous explicitons pour chacun d’eux leur base de
Hilbert, en fonction de leurs générateurs, grâce à la structure des matrices to-
talements équimodulaires de plein rang dans leurs lignes. Nous montrons que
tout tel cône C admet une triangulation en sous-cones unimodulaires générés
chacun par une partie de la base de Hilbert de C.
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1 Abstract

In this talk, we focus on mixed integer nonlinear problems with piecewise convex inequalities.

This class of mixed integer nonlinear programs (MINLP) arise as subproblems solved at each

iteration by the Sequential Convex MINLP method. We generalize the classic formulation for

piecewise linear functions to the case of piecewise convex ones and strengthen them through

perspective reformulation. Moreover, we compare the di�erent formulations and we show that

they are not equivalent, contrarily to what has been shown in the literature for the piecewise

linear formulations.
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Abstract

In this work we propose to solve the unconstrained quadratic problem (UQP) using a hy-
brid and exact methods, this problem consists in minimizing a quadratic function a binary
variables (0-1 variables). This combinatorial optimization problem is known to be NP-hard,
There are many applications that lead to (UQP): machine learning [14, 15], transportation
[6], Financial Services [7], Asset Exchange Problems [8], Clustering Problems [13]. Moreover,
many combinatorial optimization problems pertaining to graphs such as determing maximum
cliques, maximum cut, minimum coverings, maximum vertex packing, and maximum inde-
pendent sets are known to be capable of being formulated by the (UQP) problem. Several
heuristic approaches have been proposed for solving (UQP). We propose in this work a new
hybrid algorithm (HA) based on some procedures. Our procedures are very e�cient and fast,
but unfortunately sometimes they are stuck in a local minimum, to overcome this handicap,
we combined them with a simulated annealing algorithm[5, 9, 10]. To get rid for like cases,
after that we repeated these procedures several times to obtaining the best solution by our
hybrid algorithm (HA). Then we integrate this hybrid method with a semide�nite relaxation
of (UQP) problem [2, 3, 4] in a branch and bound strategy [11, 12] to speed up and facilitate
obtaining an exact optimal solution of reasonable sizes problems. In order to solve more
easily the (UQP) problem we propose to use the �xing criteria, where through these criteria
we can decrease the dimension of the (UQP) problem when it is possible and sometimes we
can solve this problem completely by using a repeat loop based on these criteria [1].
Numerical results are presented to consolidate the demonstrated theoretical results and prove
e�ectiveness and performance in speed and quality of our new approach.
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1 Introduction

En tant que c÷ur combinatoire de nombreux problèmes, le problème de sac-à-dos (KP) et ses
variantes ont été largement étudiées dans la littérature [hojny2020knapsack]. Nous considérons
la variante suivante introduite dans [heintzmann2022polyhedral]. Soit M et N des entiers
positifs. Soit un KP avec N groupes de M objets. On note (i, j) l'objet j du groupe i. Dans
chaque groupe, les contraintes d'ordre sont telles que (i, j) peut être sélectionné uniquement
si (i, j − 1) est sélectionné. L'objet (i, j) a une valeur vij et un poids wj , ce qui implique que
(i, j) et (i′, j) ont le même poids, d'où la symétrie en poids du sac-à-dos. Le problème de sac-
à-dos matriciel symétrique en poids (SMKP) consiste à maximiser la valeur totale des objets
sélectionnés, dont le poids ne peut pas dépasser la capacité C du sac-à-dos. L'intérêt de cette
variante est que le SMKP est le c÷ur combinatoire du Hydro Unit Commitment, le problème de
gestion de production des centrales hydroélectriques.

Soit xij une variable binaire telle que xij = 1 si (i, j) est sélectionné, xij = 0 sinon. Une
formulation du SMKP est comme suit.

max
N∑

i=1

M∑

j=1

xijvij

s.c.

N∑

i=1

M∑

j=1

xijwj ≤ C

xij ≤ xij−1 ∀i,∀j > 1

xij ∈ {0, 1} ∀i,∀j

On observe que le SMKP présente une symétrie de faisabilité par rapport au groupes. En e�et,
au sein de chaque groupe les contraintes d'ordre sont les mêmes, les poids sont identiques d'un
groupe à l'autre et la contrainte de capacité s'applique à tous les groupes à la fois. Cependant,
les valeurs vij des objets ne sont pas symétriques, il n'y a donc pas de symétrie pour la valeur
des solutions.

Les contraintes d'ordre étant un cas particulier des contraintes de précédence, le SMKP
est par dé�nition un cas particulier du KP avec contraintes de précédence [boyd1993]. Il
est aussi possible de formuler le SMKP avec des contraintes disjonctives plutôt qu'avec des
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contraintes d'ordre, faisant du SMKP un cas particulier du KP avec contraintes disjonctives
[salem2018optimization]. De plus, la formulation du SMKP avec des contraintes d'ordre et
celle avec des contraintes de disjonction mènent à la même relaxation linéaire [croxton2003comparison].
Le SMKP est aussi une généralisation du KP avec variables entières non-bornées [pochet1995integer].
Le KP avec variables entières étant NP-di�cile, le SMKP est aussi NP-di�cile. Malgré la pré-
sence de plusieurs groupes d'objets, le SMKP n'est pas un KP multiple [ferreira1996solving].
En e�et, le SMKP n'a qu'une seule contrainte de capacité s'appliquant à tous les groupes, et non
une contrainte par groupe.

En Section 2, nous rappelons les résultats présentés dans [heintzmann2022polyhedral].
En Section 3, nous décrivons de nouveaux algorithmes permettant de séparer e�cacement les
inégalités introduites.

2 Inégalités de pattern

Nous considérons des instances du SMKP pour lesquelles le polyèdre est de pleine dimension.
Il est montré dans [heintzmann2022polyhedral] que toute instance du SMKP peut être mo-
di�ée pour que le polyèdre associé soit de pleine dimension, sans changer l'ensemble des solutions
réalisables.

A partir de l'enveloppe convexe du SMKP, on distingue trois types d'inégalités : les inégalités
de la formulation (borne, ordre,...), des inégalités avec des coe�cients 0-1 dites binaires, et des
inégalités avec des coe�cients entiers positifs dites entières. Certaines inégalités de la formulation
dé�nissent des facettes. Dans ces travaux, nous nous consacrons aux conditions nécessaires et
su�santes pour que les inégalités binaires dé�nissent des facettes. En e�et, on peut voir sur
des exemples que les familles d'inégalités du sac-à-dos [balas1975facets] et du sac-à-dos avec
contraintes de précédence [boyd1993] ne contiennent pas les inégalités binaires du SMKP.

En raison de la nature symétrique du SMKP, lorsqu'une inégalité est facette, n'importe quelle
permutation des indices des groupes mène à une autre facette. Par conséquent, pour chaque
facette du SMKP, il existe jusqu'à un nombre exponentiel de facettes symétriques. Pour réduire
le nombre d'inégalités qu'on manipule, nous dé�nissons les patterns.

Dé�nition 1 (Pattern P). Un pattern est un ensemble de N ensembles Si ⊆ {1, . . . ,M}, i ≤ N .
Chaque ensemble Si contient les indices j des objets d'un même groupe i.

Comme les ensembles ne sont pas ordonnés, un pattern peut représenter toutes les permuta-
tions de groupes.

Dé�nition 2 (Ensemble de variables X associé à P). Un ensemble de variables X est associé
au pattern P s'il existe une permutation π de {1, . . . , N} telle que xij ∈ X ⇔ j ∈ Sπ(i) ∈ P.

On note χ(P) l'ensemble de tous les ensembles de variables X associé à P.

Dé�nition 3 (rank(P)). Le rang de P, noté rank(P), est une borne supérieure valide pour la
somme des variables de n'importe quel ensemble X associé à P.

Dé�nition 4 (Inégalités de pattern). Les inégalités d'un pattern P sont dé�nies comme suit :

∑

xij∈X
xij ≤ rank(P) ∀X ∈ χ(P)
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Dé�nition 5 (k-intersection). Soient X et Y deux ensembles de variables. L'ensemble Y est une
k-intersection de X si |Y ∩X | = k ; ∀xij ∈ Y si xij′ ∈ X avec j′ ≤ j alors xij′ ∈ Y ; et l'inégalité
suivante est véri�ée

N∑

i=1

max(j′|xij′∈Y)∑

j=1

wj ≤ C

Théorème 1. Soit un pattern P de rang p et contenant un ensemble Si de cardinalité au plus
1. Les conditions suivantes sont nécessaires et su�santes pour que les inégalités de P dé�nissent
des facettes, avec X ∈ χ(P).

|Si| ≥ 1 ∀Si ∈ P (i)

∃Y ⊆ V k-intersection de X avec xiM ∈ Y ∀i ≤ N (ii)

∃Y ⊆ V k-intersection de X avec xij−1 ∈ Y et xij′ /∈ Y, ∀j′ ≥ j ∀xij ∈ X (iii)

La condition (i) indique qu'aucun ensemble Si de P ne peut être vide. La condition (ii)
stipule que pour n'importe quel groupe i, il existe une solution réalisable véri�ant l'inégalité de
pattern de P à l'égalité, avec xiM = 1. La condition (iii) est similaire à (ii), mais avec xi,j−1 = 1
pour tout xi,j ∈ X et xi,j−1 /∈ X . Pour un pattern P, les conditions (i) (ii) et (iii) peuvent être
véri�ées en temps polynomial par programmation dynamique.

Les conditions (i) (ii) et (iii) sont nécessaires et su�santes dans le cas d'un pattern avec un
ensemble de cardinalité au plus 1. De plus, ces conditions restent nécessaires pour un pattern
quelconque, et permettent de garantir une dimension minimum pour leurs inégalités. Comme
ces conditions peuvent aussi être e�cacement implémentées, nous nous focalisons sur ces trois
conditions pour développer des algorithmes dédiées dans le cadre d'un schéma de Branch & Cut.
Pour la suite, on appelle pattern-�exible un pattern véri�ant ces trois conditions.

3 Algorithme de Branch & Cut en deux phases

Grâce à la dé�nition de patterns et de conditions associées, il est possible de dé�nir un schéma
de Branch & Cut en deux phases pour gagner en e�cacité pour résoudre le SMKP. La première
phase consiste à générer des patterns-�exibles. La seconde phase consiste, à partir des patterns
générés en pré-traitement, de séparer des inégalités de pattern au cours du Branch & Cut.

Génération de patterns-�exibles Pour la première phase, nous cherchons à générer des
pattern-�exibles. Premièrement, on choisi un entier aléatoire p. On initialise un pattern P aléa-
toire contenant p indices, dont au moins l'indice M dans chaque groupe, ainsi P véri�e (i).
Ensuite, tant qu'il existe j ∈ Si ∈ P qui ne véri�e pas (ii), j est remplacé par j − 1. Similaire-
ment, s'il existe Si ∈ P ne véri�ant pas (iii), on ajoute M à Si. Le pattern P véri�e alors (i)
(ii) et (iii). Si P est aussi de rang p, alors il est pattern-�exible, sinon il est écarté.

Ce processus de génération peut échouer à trouver un pattern-�exible. Cependant, ce proces-
sus ne fait intervenir que des algorithmes polynomiaux, car véri�er si la condition (ii) ou (iii)
peut se faire en temps polynomial. L'idée est alors de répéter ce processus plusieurs fois pour
générer des patterns. A noter aussi que par son aspect aléatoire, ce processus permet d'obtenir
des patterns di�érents pour un même rang.

Séparation d'inégalités de pattern Pour la seconde phase, nous utilisons un algorithme de
Branch & Cut, avec un algorithme de séparation s'appuyant sur les patterns générés en première
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phase. L'idée de la séparation est d'utiliser le point fractionnaire x̂ a�n d'obtenir, pour un pattern
P généré, la permutation menant à l'inégalité la plus violée. Pour ce faire, on peut résoudre un
problème de matching maximal (MMP) dé�ni comme suit. Soit H un graphe biparti pondéré.
Résoudre le MMP revient à trouver un ensemble A d'arcs, tel qu'au plus un arc de A est incident
à un n÷ud de H, maximisant la somme des poids de A. Pour appliquer le MMP au cas de la
permutation de P, on construit H avec d'un côté N n÷uds correspondant aux N groupes du
SMKP, et de l'autre côté N n÷uds correspondant aux N ensembles du pattern. Entre chaque
groupe i et chaque ensemble Si′ , il existe un arc de valeur

∑
j∈Si′

x̂i,j .

Proposition 1. Résoudre le MMP permet d'obtenir la permutation maximisant le membre de
gauche de l'inégalité du pattern P.

L'intérêt de résoudre un MMP est que ce dernier peut être résolu en temps polynomial par
rapport au nombre de n÷uds [edmonds1972theoretical]. Dans notre cas, H possède 2 · N
n÷uds. Ainsi résoudre le MMP est en temps polynomial par rapport au nombre de groupes N ,
et est indépendant du nombre d'objets par groupe M . Cette séparation est répétée pour obtenir
une permutation pour chaque pattern généré en première phase.

Résultats numériques A�n de mesurer l'e�cacité de cet algorithme de Branch & Cut en
deux phases, nous comparons trois con�gurations d'utilisation de CPLEX 12.8. La première est
CPLEX par défaut ; la seconde est CPLEX sans coupes avec séparation des inégalités de patterns ;
la troisième est CPLEX par défaut avec séparation des inégalités de patterns. Pour ce faire, un
jeu d'instances variées a été généré avec 5 à 10 objets et 20 à 30 groupes. Parmi ces instances sont
retenues que celles nécessitant au moins une minute pour être résolues par CPLEX sans coupes.
Cette comparaison montre que l'algorithme de Branch & Cut en deux phases permet d'accélérer
la résolution d' un grand nombre d'instances du SMKP. Sur 15 instances, 10 sont mieux résolues
uniquement avec les inégalités de patterns. Dans ce cas le temps nécessaire de résolution peut
être divisé par un facteur 10, et le nombre de n÷uds développés par un facteur 103 par rapport
à CPLEX par défaut. Une des instances est aussi résolue au n÷ud racine, alors qu'elle nécessite
plus de 200 secondes pour être résolue par CPLEX par défaut. Parmi les 5 instances restantes, 3
sont mieux résolues par CPLEX par défaut avec séparation des inégalités de patterns, dont une
résolue au n÷ud racine alors qu'elle n'est pas résolue en une heure par CPLEX par défaut. Seuls
dans ces deux derniers cas, CPLEX par défaut est la con�guration la plus performante.

On constate par ces résultats que notre algorithme en deux phases permet d'e�cacement
prendre en compte les symétries de faisabilité du SMKP, par le biais des patterns. Les perspectives
seraient d'étendre ces travaux au cas pratique du 1-HUC, et ce schéma de Branch & Cut en deux
phases à d'autres problèmes présentant des symétries de faisabilité.
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The 4/3 Conjecture : Is it true or false ?
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1 Abstract

The well-known 4/3 Conjecture states that the integrality ratio of the subtour linear pro-
gramming relaxation for the metric Travelling Salesman Problem is at most 4/3. This conjecture
has been around for almost 40 years and has been the focus of much research, yet it remains un-
resolved. In this talk we survey results that support the conjecture, as well as discuss properties
that a possible counter example might possess.
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1 Abstract

Designing online algorithms with machine learning predictions is a recent technique beyond

the worst-case paradigm for various practically relevant online problems (scheduling, caching,

clustering, ski rental, etc.). While most previous learning-augmented algorithm approaches focus

on integrating the predictions of a single oracle, we study the design of online algorithms with

multiple experts. We propose a new dynamic benchmark (linear combinations of predictions that

change over time) to go beyond the popular benchmark of a static best expert in hindsight.

In the talk, I will present a connection between combinatorial optimization and machine

learning that leads to a competitive algorithm in the new dynamic benchmark with a performance

guarantee of O(log K), where K is the number of experts, for 0-1 online optimization problems.

Furthermore, our multiple-expert approach provides a new perspective on how to combine in an

online manner several online algorithms - a long-standing central subject in the online algorithm

research community.
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1 Introduction

MSF Logistique (MSF-Log) is responsible for supplying medical and non-medical items to
the �eld when needed by MSF or other partner NGOs, such as the Red Cross. Our focus here
is on emergency response. As the �rst 72 hours after a disaster are crucial for an e�ective
intervention [1], MSF has designed kits containing the necessary medical and non-medical items,
which should be stored in appropriate quantities at MSF-Log and ready for shipment within 24
hours. The medical items in the kits should have a minimum shelf life of k months (typically 6
or 12 months). Due to the presence of medical products with expiration dates and the minimum
shelf life requirement, the kits need regular updates to maintain their validity and readiness for
shipment. This entails substituting medical components with new ones that have a longer shelf
life. However, updating the kits is a time-consuming process. When a kit needs updating, it
must be retrieved from the storage location, brought to the update area, opened, expired items
disposed of, replaced with new ones (also sourced from the storage location), resealed, returned to
its designated storage location, and accompanied by necessary paperwork. Additionally, expired
items are usually destroyed (unless they can still be used for other operations), incurring costs.

This paper addresses the problem of updating a single kit �e�ciently�. We consider two key
performance indicators (KPIs) : updating time and destruction costs. These KPIs are combined
into a single economic measure by converting updating time to cost, using the hourly labor cost
of the person responsible for the update. It is important to note that there are set-up costs
associated with bringing, opening, closing, and returning the kits to the storage location, as well
as handling costs and destruction costs when an item is substituted. Since we do not know when
the kit will be needed, we aim to minimize the total cost involved over a �long� time horizon,
which serves as a proxy for the average per-period cost over an in�nite horizon. A component
in a kit must be updated at least k months before its expiration but can be updated earlier. We
refer to the underlying problem as the kit-update problem, and a formal de�nition is provided
in the next section. We consider both deterministic and adversarial versions of the problem.

Considering the set-up costs when opening a kit, it may be bene�cial to substitute an item
before the last moment to save on updating time. The optimal policy typically exploits this fea-
ture. These types of problems are known as opportunistic replacement problems in the literature.
There are simple (suboptimal) policies to address such problems. For instance, one may choose to
update a kit only when an item no longer meets the shelf life requirement, substituting only the
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item(s) in that situation. This policy is referred to as the age policy [2]. It is worth mentioning
that the age policy was initially used at MSF-Log when initiating this project.

The opportunistic replacement problem (ORP) was �rst introduced by McCall et al. [3] and
has been studied in various �elds, including wind farms by Ding and Tian [4]. Some variants of the
opportunistic replacement problem are known to be NP-hard [5]. Moreover, authors have iden-
ti�ed connections between the opportunistic replacement problem and the joint replenishment
problem [6], leading to the development of models and algorithms that exploit this similarity.

In the following sections, we provide a precise de�nition of the MSF-Log problem, provide
an e�cient 2-competitive online algorithm for the problem, and we illustrate the performances
of the corresponding algorithm on a case study at MSF-Log.

2 Problem de�nition

We can capture the essence of the kit-update problem outlined earlier by separating the
set-up costs, which are independent of the number of items being updated in the kit (including
bringing the kit from the storage location, opening it, completing paperwork, etc.), from the
additional costs associated with item substitution (such as destruction costs and handling costs).
We formulate the problem as follows :

Problem. KIT-UPDATE

input : a set {0, 1, ..., T} of time periods, m di�erent components numbered 1, ...,m, (�xed) costs

Ki, for i = 0, 1, ...,m, and, for each i ∈ [m] := {1, ...,m}, a set Ii of intervals, of the form [u, v]
for u ≤ v ∈ {0, 1, ..., T}, such that ∪I∈IiI ∩ {0, 1, ..., T} = {0, 1, ..., T}.
output : a subset of (update) periods Si ⊆ {1, . . . , T} for each i = 1, . . . ,m (we call this a sche-

dule) that satisfy :

(Pi) for each pair (u, v) in Si∪{0}×Si∪{T +1} with u < v consecutive, there exists an inter-

val of Ii covering [u, v−1] (u and v are said to be consecutive if u < v and Si∩(u+1, ..., v−1) = ∅)
and that minimise | ∪ni=1 Si|.K0 +

∑n
i=1 |Si|.Ki (over such sets).

Remark 1. We assume that ∪I∈IiI ∩ {0, 1, ..., T} = {0, 1, ..., T} otherwise the problem is infea-

sible. The intervals in Ii represent batches of components i that become available at the beginning
of period l and that expires at the end of period u.

Remark 2. Observe that we do not pay for the �update� in period 0 as the (w.l.o.g. unique)

interval of Ii starting in 0 corresponds to the remaining shelf-life of the component i currently in
the kit.

The KIT-UPDATE problem is closely related to the JRP-D (Joint Replenishment Problem
with Deadline). As a result, we can leverage the proofs presented by Nonner and Souza [7] which
establish a polynomial-time reduction from vertex cover to KIT-UPDATE for JRP-D and derive
the following conclusion.

Lemma 1. KIT-UPDATE is NP-HARD and actually APX-HARD.
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3 A simple 2-competitive algorithm

We now sketch a very simple 2-approximation for the KIT-UPDATE problem and explain why
it can be leverage to design a 2-competitive online algorithm.

We consider m + 1 relaxations P0, P1, ..., Pm of our original problem. Problems Pi for i =
1, ...,m is the problem limited to component i only and where we pay �xed cost Ki only. Problem
P0 is the original problem but where we consider only the �xed cost K0 (i.e. K1 = K2 = ... =
Km = 0). All problems P0, P1, ..., Pm can be solved easily by postponing the updates as late
as possible. More formally, this means that in problem Pi, i = 1, ...,m, we can �nd the optimal
solution Si iteratively as follows :

Set t = 0 and Si = {} ;
while t < T + 1 do

t = max{t′ > t : ∃I ∈ Ii s.t. [t, t′ − 1] ⊆ I} ;
Si = Si ∪ {t} ;

end

In problem P0, similarly, we can build the optimal solution S0 (we update all product in
each period of S0 as it does not cost anything additional, that is Si = S0 for all i = 1, ...,m)
by looking at the earliest expiration time over all components at each step. Hence we can set S0

iteratively as follows :

Set t = 0 and S0 = {} ;
while t < T + 1 do

t = max{t′ > t : ∃I ∈ Ii s.t. [t, t′ − 1] ⊆ I, for all i = 1, ...,m} ;
S0 = S0 ∪ {t} ;

end

For a period t in {1, ...T} we de�ne p(t) to be the max u in S0∪{0} with u ≤ t and s(t) to be
the min u in S0 ∪ {T + 1} with u ≥ t. We can create a feasible solution to our original problem
by considering, for all i = 1, ...m, S′

i := ∪t∈Si{p(t), s(t)} \ {T + 1} (note that by construction
no p(t) is equal to 0 for t in Si). Indeed, consider two consecutive values t < t′ in S′

i ∪ {T + 1}.
There exists an interval I of Ii covering [t, t′ − 1] because either t is p(t′′) for some t ≤ t′′ < t′ in
Si and then t′ = s(t′′) and I exists by the feasibility of S0 ; or t is s(t′′) for some t′′ < t and then
t′ = p(t′′′) for t′′′ consecutive to t′′ in Si (or t′ = T + 1) and I exists by the feasibility of Si. The
cost of the corresponding solution is by construction no more than twice the sum of the costs of
the solution to the problems P0, P1, ..., Pm. It is not di�cult to prove that the sum of the latter
costs is a lower bound on the optimal value. This yields a simple 2-approximation.

The above algorithm only use information available at time t to take decisions regarding
which component to update. It can thus be used as a 2-competitive online (polytime) algorithm
for the online version of the problem where each interval I = [u, v] of Ii is revealed at time u and
the horizon T is adversarial too.
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4 Case study and Perspective

The study was carried out between January 2020 and October 2021, focusing on a speci�c
type of kit comprising 8 perishable items. During this period, a total of 65 kits were updated 227
times, using the age policy implemented by MSF-Log. To assess the costs involved, we obtained
estimates for set-up, handling, and destruction costs through discussions and screenings with the
operators and the head of supply chain management at MSF-Log.

We compared the performance of their policy with our 2-competitive algorithm and provide
a summary of the results below. Additionally, we established a lower bound on the best possible
policy by solving the problem retrospectively using a mixed-integer programming formulation
similar to the one employed in [6]. This analysis not only demonstrates that our online algorithm
achieves a savings of 33% in this particular case but also highlights that the performance of the
online algorithm is signi�cantly better than worst-case scenarios (deviating by less than 1.33%
from the optimal solution in this instance).

nb of product update nb of kit update total time total cost
MSF policy 329 227 56h45 1611,50 e
online algorithm 353 112 28h 1090,80 e
�a posteriori� optimal policy 311 112 28h 1076,20 e

As part of our ongoing research, we are developing additional instances to evaluate the prac-
tical and worst-case performance of the online algorithm. These investigations will serve as the
subject of our future research, allowing us to further analyze and understand the algorithm's
e�ectiveness in various scenarios.
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1 Introduction

A new interest emerged among automated vehicles inside warehouse problems, that is coope-
rative robots. i.e. when a package is too large, it requires several robots to cooperate in carrying
the package from its pick-up point to the destination. We call this the Pickup and Delivery
Problem with Cooperative Robots (PDP-CR). The goal of PDP-CR is to minimize the total
operation time consisting of total traveling and waiting time or the makespan. The cooperating
between robots feature is what makes this problem original and interesting.
Some ideas can be taken from other types of problems like pick-up delivery problems and ve-
hicle routing problems with synchronization to address this. The primary goal of this paper is to
develop and test several mathematical models for the PDP-CR. The next section will describe
the problem. In the third section, we will propose two types MILP formulations, one based on
VRP and another based on the flow model. The numerical result and performance comparison
between the two models is presented in section four.

2 Problem Definition

We have a fleet of I identical robots and J total tasks. Every task j is characterized by its
pick-up location pj , its destination dj , its process time cj and its number of robots requires nj .
The early robots that visit the task must wait for all the robots required to arrive, then they can
start to process the task from its pick-up point to its destination.

There are two special cases of tasks : 1. at-place task has pj = dj . It may correspond to a
manufacturing operation that requires nj robots to be processed within time cj ; and 2. Traveling
task, this kind of task has ci = cpidi . This may refer to a task that requires multiple robots to
carry a package from pi to di. Traveling task j is considered done only if there are nj robots
moving from pj to dj simultaneously, which means, after all the robots required for task j are
at pj , they start moving from pj to dj and reach dj at the same time.

The problem instance can be solved on a graph G = (V,E). V contains the location of the
depot, pick-up location, and destination of all tasks. Node 0 represents the depot. All the robots
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Figure 1 – Left : One sample solution on the original graph and Right : The same solution on
the expanded graph, note that two yellow edges in the middle are at the same location as the
yellow edge in the first figure (which denotes a traveling task that requires 2 robots). They are
drawn separately for the simplicity of illustration.

start and end their path at the depot. cij is the time for any robot to move from task i to task
j on the graph i.e. the time for any robot to go from di to pj . The goal of the problem is to
minimize the sum of costs, which is the total traveling time and waiting time of all robots ; or
the makespan which is the time the last robot returns to the depot.

3 Formulations

In this section, we will propose 2 types of MIP formulation, one is based on Vehicle Routing
Problem, another is based on flow formulation.

3.1 VRP Based Formulation

3.1.1 Expanded Graph

We can model the demand of nj robots for task j by replacing it with nj expanded task.
Every expanded task requires exactly one robot, and its locations are at the same place as its
original task. This means we replace pick up and destination location (pj , dj) with nj pairs
of expanded pick up - destination location (p1j , d

1
j ), (p

2
j , d

2
j ), . . . (p

nj

j , d
nj

j ). The expanded pick-up
nodes p1j , p

2
j , . . . p

nj

j are at the same location as pj , and the expanded destination nodes are also
at the same location as dj .

nj robots operating synchronously from one task’s pick-up location to its destination is equi-
valent to there being nj robots, each moving from one of the task’s expanded pick-up node
simultaneously, and they have to arrive at their corresponding destination node, also simulta-
neously.

We also introduce new sets :
— J ′ is the expanded tasks set.
— Jj ∈ J ′ : Set of all expanded tasks that its origin task is j. In other words, if expanded

tasks i′ and j′ in Jj then their origin task is j.
The problem now can be solved on the expanded graph G′ = (V ′, E′), with V ′ is the set of

all the expanded pick-up and destination nodes.
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An example can be seen in figure 1.
subsubsectionMILP Model With the Expanded graph being established, we will present a MILP
model for the problem in this section.

Variables :
— xij = 1 if there is a robot going from expanded task i to expanded task j, 0 otherwise.
— yi ∈ R is the waiting time of the robot at task i.
— zi ∈ R : The time robot start working on task i.

Model to minimize the sum of costs :

min
∑

i,j∈J ′,i ̸=j

cijxij +
∑

i∈J ′
yi, (1)

s.t.
∑

j∈J ′
x0j = I, (2)

∑

i∈J ′
xi0 = I, (3)

∑

i∈J ′,i ̸=j

xij = 1 ∀j ∈ J ′, (4)

∑

j∈J ′,j ̸=i

xij = 1 ∀i ∈ J ′, (5)

zj + M(1− xij) ≥ zi + ci + cij + yj ∀i, j ∈ J ′, i ̸= j (6)
zj −M(1− xij) ≤ zi + ci + cij + yj ∀i, j ∈ J ′, i ̸= j (7)
zi = zj ∀j′ ∈ J, ∀i, j ∈ Jj′ , (8)
xij ∈ {0, 1} ∀i, j ∈ J ′, i ̸= j (9)
yi ≥ 0 ∀i ∈ J ′ (10)
zi ≥ 0 ∀i ∈ J ′ (11)

Explanation :
— (1) We are trying to minimize the total traveling time and waiting time.
— (2), (3) make sure that there are M robots go in and go out the depot.
— (4), (5) : every task must be visited exactly once.
— (6), (7) are the linearization of the following constraint :

xij = 1 =⇒ zj = zi + cij + ci + yj ∀i, j ∈ J ′, i ̸= j

The above constraint ensures that for each robot, if it moves from expanded task i to j
then the time it reaches j must be equal to its start doing task i plus operating time of
i plus traveling time between i and j plus its waiting time at j. M is a sufficiently large
number.

— (8) is the constraint that makes sure the synchronization happens. If expanded task i and
expanded task j have the same original task, then they must start at the same time.

Model to minimize the makespan :

min Cmax (12)
s.t. (2)− (5)

zj + M(1− xij) ≥ zi + ci + cij ∀i, j ∈ J ′, i ̸= j (13)
zi ≤ Cmax ∀i ∈ J ′ (14)
(8), (10), (11)
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In the makespan objective formulation, we don’t need to know the waiting time of the robots for
any task.

We will also introduce the flow-based model for the makespan variants in the paper.

4 Numerical Result

Using CPLEX as a solver, we implemented the MIP formulations and tested them on ran-
domly generated data.

5 Conclusion

In this paper, the Pickup and Delivery with Cooperative Robots Problem is presented. We’ve
also presented the MILP model for it. The numerical result is presented to approximate the
maximum size that can be solved using OPL of both formulations as well as comparison the
effectiveness between the two.
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We propose an algorithm to increase the weight of all minimum spanning trees in a graph

under the assumption of a linear cost for each edge's weight increase and a �xed budget. We

consider a graph with n nodes and m edges. Frederickson & Solis-Oba proposed an algorithm

that requires the same asymptotic complexity as n2m applications of Goldberg & Tarjan's push-

pre�ow algorithm. By establishing a connection with Network Reinforcement, we develop an

algorithm with the same asymptotic complexity as nm applications of the push-pre�ow algorithm,

which improves the time complexity by a factor of n.

Additionally, we address the question of increasing the strength of a network, de�ned as the

maximum number of disjoint spanning trees. We give an algorithm to increase the strength under

a limited budget.
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Arc-flow formulation

Arc-flow formulations are increasingly popular in the field of integer programming (see
[de Lima et al., 2022] for a recent survey). These formulations, often built from transition graphs
of dynamic programs (DP), generally have strong linear relaxations, and can be solved directly
by general purpose MIP solvers.

We first give a general overview on the link between dynamic programming and network-flow
formulations. In the following, we express our dynamic programs using a backward recursive
formulation. We note s the initial state, t the terminal state and f the function associating to
a state v the minimum cost of going from state s to v. We also note cu,v the cost of going from
state u to state v. The dynamic program at state v can be defined as follows, where Γ−(v) is the
set of states preceding v.

f(v) =

{
0 if v = s

minu∈Γ−(v){cu,v + f(u)} otherwise
(1)

Finding the optimal solution f(t) to the dynamic program is equivalent to solving a minimum
cost flow problem in the transition graph associated with the DP. Let G = (V,A) be the transition
graph associated with the dynamic program. For every vertex v ∈ V , we respectively note A−(v)
and A+(v) the set of arcs leaving and the set of arcs entering v. We keep the notation s (resp. t)
for the vertex corresponding to the initial (resp. terminal) state.

An advantage of the MIP formulation is that one can include additional constraints (called
side constraints in the remainder). These constraints may be added to the arc flow formulation
in the form of resource constraints. Let R be a set of additional resources. For every resource
r ∈ R, we note A(r) the set of arcs in A that consume the resource r. We also note ba,r the
consumption of resource r associated to arc a and qr the available amount of resource r. The
corresponding arc flow formulation is as follows.
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minimize
∑

a∈A
caxa (2)

subject to
∑

a∈A−(v)

xa −
∑

a∈A+(v)

xa = 0 v ∈ V \ {s, t} (3)

∑

a∈A−(t)

xa = 1 (4)

∑

a∈A(r)

ba,rxa ≤ qr r ∈ R (5)

xa ∈ N a ∈ A (6)

Constraints (3) and (4) represent the flow problem with a single source and a single sink.
Note that without loss of generality, we can create a dummy node and link it to all the sinks to
obtain a single source and single sink problem. (5) are resource constraints and (6) define the
domain of the variables.

We study the extension of arc flow formulations to DP that can be expressed with hyper-
graphs. Such formulations in classical graphs usually provide strong linear relaxations. If resources
constraints (5) are relaxed, the constraints matrix is totally unimodular, meaning the solution
to the linear relaxation of the problem is feasible and optimal for the integer problem (see e.g.
[Wolsey and Nemhauser, 1999]). In hypergraphs, this property does not hold, as the constraints
matrix is not totally unimodular. However, since the transition hypergraphs are acyclic, the for-
mulations is totally dual integral (TDI), as stated in [Martin et al., 1990]. Another difference
between arc flow formulations in hypergraphs and in graphs is the size of the solution space.
In transition graphs, by flow conservation there is at most one unit of flow going through an
arc. This is not the case in flow formulations in hypergraphs, increasing the size of the solution
space and the branch-and-bound tree. Furthermore, hyperarcs where more than one tail coincide
with the same state allow flow to be created, resulting in a degradation of the linear relaxation’s
quality. Figure 1 shows an example of one unit of flow being created with half a unit of flow.

1

2

3

0.5

4

0.5

0.5

5
1

Figure 1 – Example of half a unit of flow creating one unit of flow

Application to automatic storage design

We use a problem called Automatic Storage Design (ASD) as an example of hypergraph
modelling. In the ASD problem, given a set of items and the dimensions of a large storage
device, the goal is to design a set of shelves in a box, design a set of compartments in every shelf
and assign items to the compartments, where deciding to assign an item is associated with a
profit. The objective is to maximize the total profit. There are two types of decisions to make :
the design of the device, and the assignment of items in the compartments. The design parts are
defined on a set of packing constraints, i.e., the sum of the shelves’ heights must not exceed the
box’s height and the sum of compartments’ widths in every shelf must not exceed the box’s width.
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The assignment part is defined on a set of temporal knapsack constraints, i.e., the items must fit
with respect to their height, width, length and time windows. For an item to be a candidate for
assignment in a compartment, its height must be less than or equal to the compartment’s height
and its width must be equal to the compartment’s width. The length dimension represents the
knapsack constraint, i.e., the sum of items’ lengths with respect to their time windows must not
exceed the compartment’s length. This problem generalizes the temporal knapsack problem, and
the three-dimensional three-stage guillotine cutting problem.

(a) t = 0 (b) t = 1

Figure 2 – Instance example with two time steps

(a) t = 0 (b) t = 1

Figure 3 – Example of solution for the instance in Figure 2

We first introduce a compact model. Each binary variable zi is equal to one if one shelf in the
box m is allocated with item i ∈ I, meaning that the shelf takes the same height as i, and zero
otherwise. Each binary variable yi,j is equal to one if one compartment in the shelf allocated by
i ∈ I is allocated by j ∈ I, meaning that the compartment takes the same width as j. Finally,
each binary variable xi,j,k is equal to one if item k ∈ I is assigned to the compartment allocated
by j ∈ I and zero otherwise.
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maximize
∑

i∈I

∑

j∈I
j≥i

∑

k∈I
k≥j

pixi,j,k

subject to
∑

i∈I
zihi ≤ H

∑

j∈I
j≥i

yi,jwj ≤W i ∈ I

∑

k∈I
k≥j

sk≤t≤fk

lkxi,j,k ≤ L i, j ∈ I, j ≥ i, t ∈ T

∑

i,j∈I
i≤j≤k

xi,j,k ≤ 1 k ∈ I

xi,j,k ≤ yi,j i, j, k ∈ I, k ≥ j ≥ i

yi,j ≤ zi i, j ∈ I, j ≥ i

zi ∈ {0, 1} i ∈ I
yi,j ∈ {0, 1} i, j ∈ I, j ≥ i

xi,j,k ∈ {0, 1} i, j, k ∈ I, k ≥ j ≥ i

This problem can be reformulated as a maximum cost flow problem with resource constraints
in a directed acyclic hypergraph. We propose a dynamic program to create a transition hyper-
graph for the automatic storage design problem with resource constraints relaxed. From the
transition hypergraph we construct an arc flow formulation to solve the maximum cost flow
problem with resource constraints.

First, we say that a stage 1 (resp. stage 2 ) decision corresponds to placing a shelf (resp.
compartment) in a box (resp. shelf) and we say that stage 3 decisions are what items are
assigned to the compartments. Figure 4 illustrates an example of design decisions. We note by
α1(h,w, l) the maximum profit obtained from a stage 1 state of dimensions h, w, l, by α2(h,w, l)
the maximum profit obtained from a stage 2 state of dimensions h, w, l and by α3(h,w, l) the
maximum profit obtained by assigning items to a compartment of dimensions h, w and l.

Stage 1

Stage 2

Stage 1 with

modified height

Stage 1 with

modified height

Stage 2Stage 3

Figure 4 – Example of design decisions

Stage 1 and stage 2 decisions cut the box horizontally then vertically as in a two-stage guillo-
tine cut problem. Similarly to [Clautiaux et al., 2018], the recursions α1(h,w, l) and α2(h,w, l)
define two subproblems and create an hyperarc in the transition hypergraph. By noting H (resp.
W) the set of different heights (resp. widths), α1(h,w, l) and α2(h,w, l) are defined as follows.

α1(h,w, l) = max
h′∈H,h′≤h

{α2(h′, w, l) + α1(h− h′, w, l)}
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α2(h,w, l) = max
w′∈W,w′≤w

{α3(h,w′, l) + α2(h,w − w′, l)}

The recursion α3(h,w, l) is defined as in [Clautiaux et al., 2021]. The main idea is that items
are decomposed into two events, one for the beginning of its time window, one for the ending.
At each state, we decide if we accept the event or not. For an event related to the beginning
of an item’s time window, it relates to assigning the item to the knapsack or not. For an event
relate to the end of an item’s time window, it relates to updating the capacity if the item is in
the knapsack or not. This recursion creates only classical arcs with one head and one tail. Figure
5 illustrates an example of the transition hypergraph in which states are noted (h,w, l)s where
h, w, l and s are respectively the height, width, length and stage of the state.. In this figure, the
compartments are not made explicit as they are similar to the transition graph generated by the
dynamic program in [Clautiaux et al., 2021].

(2, 4,_)1

(2, 4,_)2 (2, 2,_)2 (2, 2,_)3 Compartment

(1, 4,_)2

(1, 4,_)1

(. . . )1

(1, 2,_)3

(1, 2,_)2

Compartment

(0, 0, 0)3

Figure 5 – Example of hypergraph

We introduce several preprocessing ideas useful to reduce the size of the hypergraph. Among
them we reduce symmetries by enforcing an order on guillotine cuts, we aggregate equivalent
states using methods from [Iori et al., 2021] and we introduce methods detect trivial subproblem
and replace their states by another set of states where some constraints are relaxed.

Extensive numerical studies are performed on a set of 70 randomly generated instances to
assess the efficiency of our methods and compare them with each other.
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1 Arbres de classi�cations

On considère un jeu de données (Xi, yi)i∈I où Xi ∈ R|J | est le vecteur d'attributs de la
donnée i et yi ∈ K est sa classe. La classi�cation supervisée consiste à construire une fonction
de classi�cation f : R|J | 7→ K (ou classi�eur) à partir d'un jeu données.

Les arbres de décision constituent une famille de classi�eurs qui attribuent une classe aux
données en fonction de leur parcours dans un arbre. Les n÷uds de branchement de cet arbre
appliquent des règles de la forme aX < b qui orientent chaque donnée vers un de leurs deux
n÷uds �ls. Les règles sont dites univariées quand a est unitaire et multivariées sinon. Les feuilles
attribuent une classe aux données qui les atteignent.

Déterminer un arbre de décision minimisant le nombre d'erreurs de classi�cation est un pro-
blème NP-complet [5]. L'heuristique CART [3] est l'algorithme de la littérature le plus utilisé,
mais son approche gloutonne fournit généralement des solutions sous-optimales. Récemment,
plusieurs modèles ont été introduits pour résoudre à l'optimalité ce problème notamment via la
PLNE [1, 2] ou la programmation dynamique [4]. Certains modèles se cantonnent à la construc-
tion d'arbres de décision pour des données binaires (i.e. Xi ∈ {0, 1}|J |) [1, 4]. D'autres modèles
permettent de créer des arbres de décisions à partir de données continues (i.e. Xi ∈ R|J |) [2, 6].
Le modèle (OCT ) [2] permet notamment de considérer des règles de branchement univariées ou
multivariées.

Nos travaux se sont concentrés d'abord sur la résolution optimale du problème avec une mo-
délisation quadratique inspirée du modèle linéaire (OCT ) et une extension du modèle de [1] aux
données continues. Nous avons aussi travaillé sur l'algorithme paramétrant les arbres, réduisant
ainsi le temps de calcul de la construction d'arbre de classi�cation performants.

La réduction de temps de calcul n'était pas assez signi�cative pour envisager la prise en
compte de jeux de données de plus d'une dizaine de milliers de données. Nous développons donc
actuellement une approche permettant de réduire la taille des modèles résolus a�n de pouvoir
construire des arbres de classi�cation pour de plus gros jeux de données.

2 Modélisations directes du problème

Modélisation quadratique

Le modèle (OCT ) utilise trois familles de variables pour dénombrer les erreurs de classi�cation.
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Nous proposons une formulation quadratique (QOCT ) permettant de supprimer ces variables.
Nous avons linéarisé cette formulation de deux manières et montré que ses linéarisations possèdent
toute une meilleure relaxation linéaire que (OCT ). De plus, nous observons expérimentalement
une réduction du temps de résolution par rapport à (OCT ).

Généralisation du modèle de �ots aux données continues

Ce modèle [1] associe à chaque donnée correctement classée un �ot unitaire représentant son
parcours dans l'arbre. Nous introduisons une extension (F ) de ce modèle permettant de classi�er
des données continues. Dans le cas multivarié, nous démontrons que notre formulation permet
des séparations non autorisées par (OCT ). En�n, nous observons expérimentalement que notre
formulation est signi�cativement plus rapide que (OCT ).

Paramétrage des arbres

Les formulations considérées permettent de construire un arbre pour une profondeur et un nombre
de n÷uds de branchement �xés. Pour obtenir le meilleur arbre il faut donc résoudre un nombre
conséquent de programmes. L'approche classique consiste à tester tous les couples de profondeurs
et de nombre de n÷uds de branchement. Nous dé�nissons un algorithme permettant de réduire
signi�cativement le nombre de programmes à résoudre.

3 Modélisations utilisant des regroupements de données

Le nombre de variables des modélisations dépend en partie de la taille du jeu de données.
Ainsi, pour réduire d'avantage le temps de calcul, nous proposons de réduire la taille des jeux de
données considérés via des regroupements de données.

Regroupements de données

Le but du regroupement de données est de remplacer un groupe de données par un unique point.
Il faut donc regrouper ensemble des données ayant de grandes chances d'atteindre la même feuille.
La Figure 1 est un exemple de regroupement, à gauche nous avons le jeu de données initial et à
droite une simpli�cation de celui-ci comportant uniquement 9 données au lieu de 30.

Figure 1 � Jeu initial : 30 données, 3 classes (gauche), et jeu fusionné : 9 données (droite)

Modélisations adaptées aux regroupements et algorithmes de résolution

Pour adapter n'importe quelle modélisation directe (P ) aux regroupements, nous avons envisager
deux approches. Dans la première (P1), le représentant de chaque groupe est son barycentre.
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L'objectif de la modélisation est adapté à considérer des données ayant un poids. Par exemple
dans la Figure 1, le représentant du groupe en haut à droite aura un plus gros poids que le
représentant du groupe en haut à gauche car il représente plus de données. Dans la seconde
adaptation (P2), les représentants ne sont pas prédéterminés, un point du groupe sera déterminé
comme représentant lors de la résolution du programme. La première adaptation permet de
réduire le nombre de contraintes et de variables tandis que la seconde ne permet de réduire
que le nombre de variables. Cependant, nous démontrons que la seconde adaptation garantie
l'optimalité de l'arbre sous certaines conditions

Pour un regroupement R donné, l'arbre obtenu par la résolution d'un modèle (PX) (notation
désignant (P1) ou (P2)) n'est généralement pas optimale pour les données d'origine. Ainsi, nous
considérons un algorithme itératif. À chaque itération k, nous résolvons (PX) pour obtenir un
arbre Ak. Nous identi�ons ensuite les groupes dont les données ne suivent pas toutes le même
chemin dans Ak (on dit qu'ils sont intersectés par Ak). Si un groupe est intersecté, nous le
partitionnons en 2 sous-groupes. Nous démontrons que cet algorithme converge vers une solution
optimale du jeu de données initial.

L'algorithme 1 peut être appliqué avec n'importe laquelle des adaptations mais ne garantit
l'optimalité que pour l'adaptation (P2).

Données : Un jeu de données et un regroupement associé R
Résultat : Un arbre A
R0 ← R ;
A0 ← solution de (PX) appliqué à R0 ;
Tant que Ak intersecte Rk faire

Diviser les groupements intersectés par Ak pour obtenir Rk+1 ;
Ak+1 ← solution de (PX) appliqué à Rk+1 ;

�n
Algorithme 1 : Algorithme utilisant les regroupements pour fournir un arbre
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1 Introduction

Let G = (V,E, c) denote an undirected weighted graph with c : E → R+. A star in G can
be de�ned as an isolated node or a subgraph where all edges share a common endpoint. If a
star consists of more than one node, we refer to the node connected with every other node as
the center of the star. For a star with a single edge, either of its endpoints can serve as the
center. A star forest refers to a collection of disjoint stars in G. The Maximum Weight spanning
Star Forest Problem (MWSFP) consists in �nding a star forest in G of maximum weight. The
MWSFP has various applications, such as computational biology [5] and the automobile industry
[2]. Observing that in a maximum star forest F which does not contain isolated nodes, the set of
centers forms a dominating set of G, Nguyen et al. [5] showed the NP-hardness of MWSFP by
reducing the MWSFP to the well-known minimum dominating set problem. Subsequently, the
MWSFP has been extensively studied, particularly in its unweighted version. However, there are
not many studies available for the weighted version. In particular, the authors in [5] presented

a polynomial-time algorithm to solve the MWSFP for weighted trees and a
1

2
-approximation

algorithm for the general case. For cactus graphs, Nguyen [6] proposed a linear time algorithm
to solve the MWSFP. Let us consider the convex hull of the incidence vectors associated with
the star forests in G, denoted as SFP (G). There are only a few studies on SFP (G) so far, e.g.,
the work of Aider et al. [1], which gave a complete description for SFP (G) when G is a tree or
a cycle. In this paper, we focus on a polyhedral investigation of the MWSFP for cactus graphs,
a generalization of trees and cycles.

2 Star forest polytope for cactus graphs

A graph G is a cactus if each edge of G belongs to at most one cycle in G. To analyze the cha-
racteristics of the star forest polytope for cactus graphs in detail, we employed the uncapacitated
facility location problem (UFLP) discussed in Baiou [4]. To accomplish this, we transformed the

original weighted graph G = (V,E, c) into a bidirected graph
−→
G = (V,A), where each edge uv in

E with cost cuv corresponds to two arcs (u, v) and (v, u) in A with costs c(u, v) and c(v, u) res-
pectively. Considering the convex hull of the incidence vectors of feasible solutions for the UFLP

on
−→
G , denoted as UFLP(

−→
G). Examining the relationship between the solutions of UFLP(

−→
G)

and MWSFP, we �nd that each (0, 1)-integer solution to the symmetric UFLP problem on
−→
G

corresponds to a solution for the MWSFP problem on G with the same cost. Conversely, each
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solution for the MWSFP on G corresponds to one or multiple (0, 1)-integer solutions for the sym-

metric UFLP problem on
−→
G with an equivalent cost. As a result, we obtain that the projection of

UFLP(
−→
G) onto the variables xuv = −→x (u, v) +−→x (v, u) is precisely the star forest polytope of G.

Beside, Baiou et al. [4] gave the following set of systems which completely describe UFLP(
−→
G) :

y(u) +
∑

(u,v)∈A

−→x (u, v) ≤ 1, ∀u ∈ V (1)

−→x (u, v) ≤ y(v), ∀(u, v) ∈ A (2)

y(u) ≥ 0,−→x (u, v) ≥ 0, ∀(u, v) ∈ A,∀u ∈ V, (3)

and the bidirected cycle inequality [3], the lifted g-odd cycle inequalities [4]. In the rest of this
report, we call the inequalities (1) as assignment inequalities.

Projection of bidirected cycle inequalities

Let C be a cycle in G and
−→
C be the bidirected cycle corresponding in

−→
G . Then, the projection

of the bidirected cycle inequalities onto the variable xuv is the cycle inequalities [1].

G⃗ Projection
C⃗

x(E(C)) ≤
⌊
2|C|
3

⌋

C

G

x(A(C⃗)) ≤
⌊
2|V (C⃗)|

3

⌋The bidirected cycle inequality: The cycle inequalitiy:

Projection of the assignment inequalities

Applying the Fourier-Motzkin elimination to the inequalities (1) and (2), we obtain that

xuv +
∑

(u,w)∈A,w 6=v

−→x (u,w) ≤ 1, ∀u ∈ V, uv ∈ E. Then, we show that the projection of the

assignment inequalities is "MV -cactus inequalities". Let us introduce MV -cactus inequality, a
cactus subgraph in G is called a MV-cactus τMV when every non-pendant node is connected
to precisely one pendant node unless it is contained in a triangle or a cycle of length four. A
MV-shape MV of G is a bipartite graph (U, S) in which the nodes in part U have a maximum
degree of two and the part S is connected in G. The nodes in S are called centers of MV . Then,
the MV -cactus inequality is de�ned as follows : x(τMV ) ≤ |MV |.

A subgraph in G⃗

Projection

A MV -cactus in G

center of MV - shape

∈ MV - shape MV
∈ MV - cactus τMV

The MV -cactus inequality:
x(τMV ) ≤ |MV |

A collection of some
assignment inequalities

57



Projection of lifted g-odd cycle inequalities

Let us remind the de�nition of the lifted g-odd cycle (in [4]) as follows. Let C = (v0, a0, v1, a1, ..., ap−1, vp)

where vp = v0 be a simple cycle in
−→
G . Each vi and ai for i = 0, ..., p − 1 represents dis-

tinct nodes and arcs, respectively. Let V (C) be the set of nodes in C. Let Ĉ be the set of
nodes vi such that vi is the head of both ai−1 and ai, Ċ be the set of nodes vi such that
vi is the tail of both ai−1 and ai, and C̃ = V (C) \ (Ĉ ∪ Ċ), for all 0 ≤ i ≤ p. Then, C
is called a g-odd cycle if p + |C̃| is odd. We denote by A′(C) the maximal matching of the
subgraph of C inducted by the arcs (u, v) in which u ∈ C̃, v ∈ Ċ. We say that A′(C) de-
�ne a lifting set [4] in C. Then, the lifted g-odd cycle inequality is presented as follows :
∑

(u,v)∈A(C)
−→x (u, v) +

∑
(u,v)∈A′(C)

−→x (u, v)−∑u∈Ĉ y(u) ≤ |Ĉ|+ |C̃| − 1

2
.

Perform the projection of lifted g-odd cycle inequalities onto the variable xuv, and we get
inequalities called "MV -partition". Let us present MV -partition inequalities, given a g-odd

cycle C in
−→
G . Considering a MV -shape MV which has a center v in C and τ is MV -cactus

associated with MV . A MV-partition via (v, C) is a partition of τ obtained by removing two
edges incident to v in C. A MV -split is the common edges of the MV -shape and the MV -
partition. Denoting by C∗ the subset of C̃ such that for every vertex v in C∗, its tail u is
either also in C̃ or in Ċ and (v, u) /∈ A′(C). Let P (C) be the underlying edges corresponding to
the arcs with their tails in C∗. We can specify τMV C as the set of all MV -partitions obtained
via (v, C), where v ∈ C∗ ∪ Ĉ and v is a cut vertex of G. MVC denotes the set of all MV -
splits that belong to the MV -partitions. The MV -partition inequality is de�ned as below :

x(E(C) \ P (C)) + 2x(P (C)) + x(τMV C) ≤ 3|Ĉ|+ 3|C̃| − 1

2
− |A′(C)|+ |MVC|.

Ċ C̃

Ĉ

ĊĈC̃

C̃ A′(C)

Ċ C̃

Ĉ

ĊĈC̃

C̃ A′(C)Projection

∈ P (C)
∈ MVC

A subgraph in G

a g-odd cycle

A collection of a lifted g-odd cycle inequality
and some assignment inequalities

A subgraph in G⃗

Consequently, we obtain the following main theorem of this paper.

Theorem 1. Let G be a cactus graph, and
−→
G be its associated bidirected graph. Then the following

system completely describes SFP (G).

x(E(C)) ≤
⌊

2|C|
3

⌋
, ∀ cycle C ⊂ G (4)

x(τMV ) ≤ |MV |, ∀ MV-cactus τMV ⊂ G (5)

x(E(C) \ P (C)) + 2x(P (C)) + x(τMVC) ≤ 3|Ĉ|+ 3|C̃| − 1

2
− |A′(C)|+ |MVC|, (6)

∀ g-odd cycle C ⊂ −→G
0 ≤ xe ≤ 1, ∀e ∈ E. (7)
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1 Abstract

Packing and Covering problems are the alpha and the omega (or better : nu and tau ;=) ) of
combinatorial optimization, and have been largely explored in the past decades as the most recent
seminal books of the �eld show. For some combinatorial objects minmax relations provide `good
characterizations' and e�cient algorithms, while for some others, NP-hardness is accompanied
by a constant duality gap or/and approximation algorithms. In this talk I would like to explain
some old conjectures and recent developments on packing and hitting the simplest objects in the
plane : rectangles, squares and segments, place them in the forest of results and open problems
of the �eld, and present the most frustrating challenges.
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1 Introduction

A chordal graph if a graph whose cycles of length at least four contain at least one chord.
These graphs belong to the more general class of perfect graphs, and numerous graph optimization
problems (stable set, graph coloring, ...) known to be NP-complete in the general case, become
polynomial when the graph in chordal.

In this presentation, we address the problem of minimizing the number of edges to delete
from a graph to obtain a chordal graph, or in other words, �nding the maximum chordal sub-
graph (MCS) of a graph. This problem occurs when one wants to derive a dual bound for
a hard combinatorial problem by removing edges from the original graph to obtain an easier
problem with fewer edges/constraints. More formally, given a graph G = (V,E) on the node-set
V = {1, . . . , n} and edge-set E, we are searching for a subset F of E of maximum size such that
the sub-graph H = (V, F ) is chordal.

In [1], the authors study the completion variant of this problem, that is �nding a minimum
number of edges to include in order to obtain a chordal graph. They present a natural formulation
involving an exponential size set of constraints, and various additional class of valid and facet-
de�ning inequalities.

We designed a mathematical programming model for our problem. It explicitly excludes
chordless cycles, and can be solved by branch-and-cut. Additional cutting planes are added to
improve the quality of the formulation.

In the sequel, we will use the following notation An elementary cycle C (abusively called
cycle) of size k ≥ 3 is a set of k edges of E, C = {{u1, u2}, {u2, u3}, . . . , {uk−1, uk}, {uk, u1}},
such that the ordered set of nodes of the cycle V (C) = (u1, . . . , uk) are all distinct. Given a cycle
C of G, an edge that links two non consecutive nodes of V (C) is called a chord. Let Θ(C) denotes
the set of chords of a cycle C. Let C≥4 be the set of cycles of G of size at least 4. Let W ⊂ V
be a subset of nodes. We denote by E(V ) the set of edges having both end-nodes in V , that is
E(W ) = {{i, j} ∈ E : i, j ∈W}. The sub-graph induced by W is de�ned by G[W ] = (W,E(W )).

2 Mathematical models

A �rst compact integer linear programming model, inspired from the one proposed in [2], is
based on the concept of perfect elimination ordering. Given a graph G, an ordering {v1, . . . , vn}
of its vertices is a perfect elimination ordering if and only if for i = 1, . . . , n, the neighborhood
of vertex vi in the sub-graph G[{vi, . . . , vn}] (induced by the vertices of index at least i in this
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order) is a clique. It is shown in [4] that a graph G is chordal if and only if it admits a perfect
elimination ordering of its vertices.

The �rst formulation will search for a perfect elimination ordering by directing the edges
of the graph G along this ordering and eliminating edges creating circuits. To this aim, let us
directing the graph G to get the graph directed graph D = (V,A) where each edge {i, j} ∈ E is
replaced by two arcs (i, j) and (j, i). For each arc (i, j) in A, consider the variable zij taking value
1 if the edge {i, j} is taken in the chordal graph and i is j in the perfect elimination ordering. In
addition, consider for each node v ∈ V the integer variable uv that gives the position of node v
in the ordering.
Then the MCS problem can be modeled as following.

max
∑

{i,j}∈E
zij + zji (1)

s.t. zij + zji ≤ 1 ∀{i, j} ∈ E, (2)

zij + zik − zjk − zkj ≤ 1 ∀i ∈ V,∀j, k ∈ V : (i, j), (i, k) ∈ A and {j, k} ∈ E, (3)

zij + zik ≤ 1 ∀i ∈ V,∀j, k ∈ V : (i, j), (i, k) ∈ A and {j, k} 6∈ E, (4)

uj ≥ ui + 1− n ∗ (1− zij) ∀(i, j) ∈ A, (5)

ui ≥ 0 ∀i ∈ V, (6)

zij ∈ {0, 1}, ∀(i, j) ∈ A. (7)

Constraints (2) ensure that at most one orientation of each edge is chosen. The simplicial
condition for each vertex i ∈ V is enforced by inequalities (3) and (4) : if the edge {j, k}
does not exist then i cannot be before j and k in the ordering. Otherwise, the edge {j, k}
should be considered in the solution. Finally, constraints (5) and (6) are Miller-Tucker-Zemlin-
like inequalities ensuring that the directed graph does not contain any circuit and de�nes a
(partial) order.

In [3], the authors re�ne the above chord condition for chordal graph and state that any cycle
C of size k ≥ 4 of a chordal graph contains at least k−3 chords. This improved condition is used
to introduce our main integer linear programming model for MCS problem. Let us associate to
each edge e := {i, j} in E a binary variable xe(= xij) taking value 1 if the edge e is kept in the
chordal graph, and 0 if it is deleted. Given a set F ⊂ E of edges, let x(F ) =

∑
e∈F xe.

The MCS problem can be modeled as

Max.
∑

e∈E
xe (8)

s.t. x(Θ(C)) ≥ |C| − 3− (|C| − 3)(|C| − x(C)) ∀C ∈ C≥4, (9)

xe ∈ {0, 1} ∀e ∈ E. (10)

While objective (8) aims to maximize the number of kept edges, inequalities (9) state that
for any cycle C, if it is contained in the solution (that is x(C) = |C|) then the number of chords
is greater than |C| − 3 (for otherwise |C| − x(C) ≥ 1 and the inequality is trivially satis�ed).

Note that if a cycle C ∈ C≥4 does not possess |C| − 3 chords, then the C cannot belong to
the solution graph and thus inequality (9) can be replace by the strongest one

x(C) ≤ |C| − 1. (11)

62



Chordal graphs are also often called triangulated graphs. This comes from the fact that any
edge belonging to a cycle in such a graph, should also belongs to a triangle (the complete graph
on three nodes). A natural observation is that if the graph G does not contain any triangle, then
it cannot contain any cycle, and consequently should be a forest.

Another observation about chordal graphs is that any induced sub-graph of a chordal graph
is also chordal, meaning that any property can also be applied to induced sub-graph.

Let T be the set of node-sets T such that the induced sub-graph G[T ] does not contain any
triangle. The two previous observations lead to the following set of valid inequalities.

x(E(T )) ≤ |T | − 1 ∀T ∈ T . (12)

These inequalities are facet-de�ning if and only if the spanning tree polytope is full dimen-
sional for the induced sub-graph G[T ].

3 A branch-and-cut algorithm

A branch-and-cut algorithm has been developed to solve this problem. Inequalities (9) and
(11) are separated in polynomial time for integral solutions by checking if the solution graph is
chordal [5] and if not, �nding a chordless cycle [6]. When handling fractional solutions, violated
inequalities (9) and (11) are generated by �nding chordless cycle in a graph composed of edges
whose value is greater than a given threshold. Once a chordless cycle C is found, conditions are
checked to determine which inequalities among (9) and (11) for cycle C and (12) for the set
V (C) should be added to the current model.

In addition, a speci�c heuristic has been developed to generate violated inequalities of type
(12) and a slight generalization of these constraints.

Finally, a heuristic, based on perfect elimination ordering, generates a chordal sub-graph used
as a primal bound for the branch-and-cut algorithm. This heuristic determines an ordering of the
nodes based on the maximum cardinality search described in [5] to check the chordality of the
graph. If the ordering is not a perfect elimination ordering (that is, if the graph is not chordal)
then edges are removed such that the ordering becomes a perfect elimination ordering.

Preliminary computational experiments show that the branch-and-cut is able to produce
competitive results compared to the compact formulation.
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1 Introduction

The perfect matching polytope is the convex hull of the characteristic vectors of all perfect match-
ings of a graph. A graph is matching covered if each of its edges belongs to a perfect matching.
These graphs have been introduced by Edmonds, Pulleyblank, and Lovász in [6]. A matching
covered graph G is solid if it has no separating cuts, where a cut δ(X) is separating if G/X and
G/(V \X) are also matching covered.

A rational linear system is totally dual integral (TDI) if for every integer linear function for
which the optimum is finite the associated dual problem has an integer optimal solution. A
TDI system is box-TDI if adding any rational bounds on the variables preserves its TDIness.
Box-TDI systems are systems that yield strong min-max relations such as the one involved in
the Max Flow-Min Cut Theorem of Ford and Fulkerson. A polyhedron is box-TDI if it can be
described by a box-TDI system.

Box-totally dual integral systems and polyhedra received a lot of attention from the combina-
torial optimization community around the 80’s. A renewed interest appeared in the last decade
and since then many deep results appeared involving such systems (see for exemple [2], [4],
and [5]).

Ding et al. [5] characterized the box-TDIness of the matching polytope. Though the perfect
matching polytope is a face of the latter, their result does not characterize the box-TDIness of
the perfect matching polytope.

2 Contributions

First, extending the work of de Carvalho et al. [3], we characterize the perfect matching polytope
of solid matching covered graphs.

Theorem 1. The perfect matching polytope of a solid matching covered graph is the intersection
of its affine hull and the half spaces described by the trivial inequalities.

Then, combining a characterization of box-TDI polyhedra of Chervet et al. [2] with a result
on incidence matrices of graphs [1], we prove the following.
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Corollary 2. Recognizing whether the perfect matching polytope of a given matching covered
graph is box-TDI can be done in polynomial time.
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Solving combinatorial optimization problems is a routine ingredient of many industrial pro-
cesses. While such problems are often intractable, it is possible to learn from past instances in
order to obtain better solutions with less computation time [2]. This is the topic of our present
contribution, see our preprint [6] for more details.

We first justify the practical interest of such hybrid approaches, before focusing on a key
technical hurdle: gradient computation for combinatorial solvers. Overcoming this hurdle re-
quires a novel mix of several mathematical ideas, which we implemented in an easy-to-use Julia
package.

1 Learning to approximate combinatorial problems

As a motivating application, let us consider the Vehicle Scheduling Problem (VSP) and its
stochastic counterpart. We are given a directed acyclic graph G = (V,A) of tasks (for instance
passengers of a taxi company): each task vi has a location ℓi, a beginning time tbi and an end
time tei . There is an arc a from task vi to task vj if these tasks can be chained, that is, if a single
vehicle has enough time to go from location ℓi to ℓj in the time interval [tei , t

b
j ]. Every arc a is

associated with a cost θa. The deterministic VSP consists in assigning each vehicle of a fleet to
a sequence of tasks, such that all tasks are covered and the sum of arc costs is minimized. It can
be easily solved with a flow formulation.

In the stochastic version of the problem, each task (and each transfer between tasks) are
subject to random delays. Minimizing the expected total delay in this setting is intractable, and
exact algorithms do not scale to large instances. Luckily, we can use the VSP as a subroutine to
approximate the stochastic VSP, as illustrated on Figure 1. Instead of doing it naively, our trick
is to learn a suitable transformation of the instance to improve solution quality [9, 8]. Based on a
dataset of previously encountered task graphs and delay realizations, we estimate the parameters
w of an encoder φw, typically a neural network. This encoder outputs modified arc costs θa,
which we feed into a VSP to generate vehicle routes. That way, our fast deterministic solver
takes into account the distribution of delays, and how they interact with the graph structure,
without sacrificing efficiency.

Hybrid solution pipelines like that of Figure 1, where machine learning models are fused with
combinatorial solvers, yield state-of-the-art results on several benchmarks of interest [6, 1]. But
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Figure 1: Hybrid solution pipeline for the stochastic VSP

to learn the parameters of the encoder with gradient descent, it is necessary to backpropagate
loss derivatives through the entire pipeline, including the solver f .

2 From a solver to a probability distribution

In what follows, we do not care about the precise implementation of f . As far as we are concerned,
it is a black box. The only requirement we impose is the existence of a finite set of points Y ⊂ Rd

such that
f(θ) = argmax

y∈Y
θ⊤y (1)

By interpreting these points as vertices of a polytope, we see that Equation (1) includes every
bounded Mixed Integer Linear Progam (MILP) as a special case, not just the VSP from above.
Alas, the mapping from the cost vector θ to the maximizer of θ⊤y on Y is piecewise constant,
which hinders backpropagation.

To generate meaningful gradients, we adopt a probabilistic point of view. Our solver f
induces a very simple probability distribution on the vertex set: p(θ) = δf(θ). What happens if
we spread out this Dirac mass, to encompass several vertices instead of just one? We obtain an
approximate probability distribution p̂(θ), from which we deduce an approximate solver

f̂(θ) = Ep̂(θ)[Y ] =
∑

y∈Y
yp̂(y|θ) (2)

Our wish list for p̂(θ) is the following: it must be

Smooth: differentiable in θ

Precise: close to δf(θ)

Generic: only requires calling f ...

Tractable: ... a small number of times

If these conditions are satisfied, then the Jacobian of f̂ is easy to compute:

∂θf̂(θ) =
∑

y∈Y
y∇p̂(y|θ)⊤ (3)
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3 Regularization and the Frank-Wolfe trick

There are many ways to define the distribution p̂(θ): here we focus on regularization [5]. The
idea is to tweak Equation (1) by convexifying the feasible set and adding a convex penalty Ω:

f̂Ω(θ) = argmax
µ∈conv(Y)

θ⊤µ− Ω(µ) (4)

Remember that we only have access to the linear solver f , which means our best option is the
Frank-Wolfe (FW) algorithm [7]. This algorithm solves a sequence of linearizations of Equation
(4), each iteration yielding a polytope vertex yk. The end result is a convex combination

∑
k λkyk.

If we reinterpret the coefficients λk ∈ [0, 1] as probabilities p̂FW(yk|θ), we see that FW
implicitly defines a distribution on Y. This distribution has a sparse support, whose size is
controlled by the number of FW iterations. Finally, the weights p̂FW(yk|θ) can be differentiated
implicitly by viewing FW as a constrained optimization procedure on the probability simplex [4].

Let’s take a step back. Is our wish list satisfied?

Precise: ✓ with small Ω

Smooth: ✓ because of implicit diff.

Generic: ✓ because FW uses linearizations

Tractable: ✓ with few iterations

This means we have succeeded in building an approximate combinatorial solver with the right
properties for gradient backpropagation. We can then insert it in a hybrid pipeline to tackle
hard optimization problems with the help of machine learning.

4 The Julia package InferOpt.jl

As we have seen, there are quite a lot of ingredients to mix for this method to work. In order to
facilitate industrial applications, we implemented all of them in an open source toolbox called
InferOpt.jl1. It is written in the Julia language [3], and designed to be compatible with the
entire machine learning and optimization ecosystem. Thanks to Julia’s composable automatic
differentiation, we do not need to restrict the kind of solvers or neural networks that can be
plugged in.

The talk will feature a live demonstration of our library, hopefully inspiring the audience to
test it on their own problems.
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1 Introduction and Problem statement

Hybrid flow shop scheduling is a central problem in scheduling theory. It combines parallel ma-
chine scheduling with flow shop scheduling. In classical flow shop scheduling, jobs are processed
following the same order of passage on machines placed in a series configuration, with only one
machine in each stage. In a hybrid flow shop, at least one stage contains more than one machine.
Jobs are assigned to only one machine from each stage [1].
In this paper, we study the hybrid flow shop scheduling problem that can be formally stated as
follows. Consider a set J of n jobs. Each job j ∈ J has two operations O1j and O2j . The jobs
are to be scheduled in a two-stage hybrid flow-shop environment. The hybrid flow shop has m1

parallel identical machines at stage 1 and m2 parallel identical machines at stage 2. Each job
must be processed by exactly one machine at each stage.
The first operation of a job O1j must be entirely processed for p1j time by exactly one machine
at stage 1. The second operation is executed for p2j time according to one of three possible
scenarios.

• Scenario 1 : Operation is entirely processed at stage 2.

• Scenario 2 : Operation is entirely executed at stage 1 (by the same machine assigned to
the first operation of the same job).

• Scenario 3 : Operation starts at stage 1 on the same machine which processed operation
1, then continues at stage 2.

Moreover, no part of operation 2 can be processed at stage 1 while a machine at stage 2 is
available. Preemption is not allowed at either stage. Waiting times between stage 1 and stage
2 are not permitted either. In other terms, there is a no-wait condition. We suppose that
transfer times are negligible. The objective is to minimize the maximum completion time; i.e.,
the makespan.
Denoted by F2(Pm1, Pm2−miss)|no−wait, flex(1→ 2)|Cmax in tertiary notation, this problem
is strongly NP-hard as proved in [2].
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2 Branch-and-bound algorithm

A branch-and-bound algorithm is developed to solve the problem. Details of the branching
strategy as well as the bounding strategy are presented below.

2.1 Dominance properties

We first introduce the following two dominance properties, which will be used in the branching
scheme.

Theorem 1. Let Sidle be an optimal solution with idle time at stage 1. An optimal solution
Sno−idle with no idle time at stage 1 can always be obtained from Sidle.

Proof. We design an algorithm to eliminate idle times from Sidle and place the tasks at stage
1 in a compact fashion. The principle of the algorithm is to perform a series of left shifts and
swaps in order to remove all idle periods at stage 1 without delaying any jobs’ execution in the
schedule. First, we can always shift the first operation to the left so that the gap is filled. Then,
we attempt to left-shift the second operation too as to maintain the no-wait condition. There
are 3 case scenarios depending on the second operation. Detailed proof with the analysis of all
possible situations is omitted from this paper.

Theorem 2. Denote a1j the duration of the second operation of job j at stage 1. At least m2

jobs have a1j = 0.

Proof. Recall that a stage-2 machine is not allowed to be idle while a stage-1 machine is processing
the second operation of a job. Therefore, at least m2 jobs must have their second operation
entirely processed at stage 2.

2.2 Branching scheme

The root node at level lv = 0 corresponds to an empty schedule. Each node on level lv > 0
represents a partial schedule with lv scheduled jobs. From a node at a level lv, the couple (j, a1j)
is used for branching. j is the index of the last job added to the schedule. a1j is the duration of
its second operation at stage 1. a1j takes p2j + 1 possible values.
At each node, we decide which job to schedule next and how much of its second operation is
processed at stage 1.
For example, (1,0) (2,3) means that job 1 is scheduled first with duration 0, then job 2 with
duration 3.
At a leaf node, given the obtained stage-1 scheduling sequence and the duration a1j of operation
2 at stage 1 for each job j, we can easily compute the starting and ending times of jobs at stage
1 (Each job is assigned to the first available stage-1 machine). Moreover, the no-wait constraint
allows us to determine the starting and ending times of jobs at stage 2. Indeed, the starting time
S2j and the completion time C2j of job j at stage 2 can be calculated as follows.

S2j = 0 if a1j = p2j

= S1j + p1j + a1j otherwise
(1)

C2j = 0 if a1j = p2j

= S1j + p1j + p2j otherwise
(2)

72



Consequently, we obtain intervals of starting and completion times at stage 2 [S2j , C2j ]. At this
point, the only remaining decision in our problem is the assignment of the intervals to stage-2
machines. The underlying problem is thus reduced to an interval scheduling problem, which is
solvable in polynomial time by the algorithm in [3].

2.3 Lower bounds

We adapt the lower bounds given in [4] to compute lower bounds for each step of the scheduling
process. A step represents the addition of one job to the schedule.
Denote by σJ = {jσ1, jσ2, ..., jσn} a scheduling sequence of the jobs. Denote by
J̄j the set of unscheduled jobs remaining after scheduling jobs in Jj = jσ1, jσ2, ..., jσj .
The lower bounds are adapted as follows, where L1k is the current load of stage-1 machine M1k.

LBA1 = min
k∈M1

L1k + max
j∈J̄j
{p1j + p2j} (3)

Denote by p̄1j the stage-1 processing times of non-scheduled jobs sorted according to non-
decreasing order and define inactivej as follows. inactivej = {p1j + a1j : j ∈ Jj}U{p̄1j : j ∈ J̄j}

LBA2 =

⌈
1

m1 + m2
(

m2∑

j∈inactivej :j=1

inactivej +
∑

j∈J
p1j +

∑

j∈J
p2j)

⌉
(4)

LBA3 =

⌈
1

m1
(
∑

j∈Jj
(p1j + a1j) +

∑

j∈J̄j

p1j +

m1∑

j∈J :j=1

qj)

⌉
(5)

where

qj = p2j − a1j ifj ∈ Jj

= p2j ifj ∈ J̄j

and qj are sorted in non-decreasing order.

2.4 Upper bounds

Four heuristics denoted by HH0, LPT1, LPT2, LPT21, are used to compute upper bounds.
Each heuristic includes two steps as follows.

1. First, a sequencing step: The order of passage of the jobs on stage 1 is determined. Four
orders are considered.

• HH0: jobs follow the input sequence (random order).
• LPT1: jobs are sorted in non-increasing order of the processing times of their first

operations p1j

• LPT2: jobs are sorted in non-increasing order of the processing times of their second
operations p2j

• LPT21: heuristic LPT2 is first applied. m1 sets of jobs are obtained, each set includes
the jobs scheduled on one machine. Then, the jobs in each set are sorted in non-
increasing order of the processing times of their first operations p2j

2. Second, an assignment step : the operations are placed onto machines in a greedy fashion.
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3 Numerical testing and Results

The branch-and-bound algorithm is implemented in object-oriented C++. Tests are carried out
on a machine with 32.0 GB RAM and Intel(R) Xeon(R) CPU E5-2620 v4 @ 2.10GHz, under
Linux Operating System.
We experiment with the testbed presented in [4]. There are 6 classes of instances. Each class
contains 60 instances, grouped in 4 sub-classes. Every sub-class represents a combination n−m1−
m2 and contains 15 instances with different values of processing times p1j and p2j . Processing
times are generated following a uniform distribution. The details of data instances are provided
in [4].
We compare the results with those obtained in [4] using mathematical programming. Table 3
summarizes the numbers and percentages of instances solved to optimality by both methods.
The branch-and-bound algorithm significantly outperforms the mathematical model.

Number of optimal instances Percentage of optimal instances
Branch-and-bound 125 35%

Mathematical model 9 3%

4 Conclusion

In this paper, we studied a two-stage hybrid flow shop scheduling problem with no wait and
inter-stage flexibility. We developed a branch-and-bound algorithm that takes account of the
specific problem structure. The implementations reveal that the suggested approach outper-
forms existing methods.
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1 Introduction

The interest in quantum computing to solve combinatorial optimization problems has been grow-
ing for several years in the operational research community. More precisely, two branches are
distinguished. The first one relates to heuristics, which can be implemented on current noisy
quantum computers because the quantum part can be made rather small, such as variational
quantum algorithms [2]. The second branch relates to exact algorithms. Unlike the previous al-
gorithms, it is impossible to implement them today but theoretical speed-ups have been proved
for several types of problems and algorithms [6].

The most emblematic algorithm of this branch is Grover search [5], which achieves a quadratic
speed-up when searching for a specific element in an unsorted table, where the complexity is com-
puted as the number of queries of the table and done by an oracle. The authors of [4] use Grover
search as a subroutine for a hybrid algorithm that finds with high probability the minimum of an
unsorted table, leading to the algorithm known as Quantum Minimum Finding (QMF). Later,
the authors of [1] combine QMF with dynamic programming to address NP-hard optimization
problems. They apply their algorithm to vertex ordering problems, the Traveling Salesman Prob-
lem, and the Minimum Set Cover problem, among others. All these problems satisfy a specific
property which implies that they can be solved by classical dynamic programming in O∗(cn),
where O∗ is the usual asymptotic notation that ignores the polynomial factors, and c is usually
not smaller than 2. The hybrid algorithm from [1] reduces the complexity to O∗(cnquant) for
cquant < c.

The purpose of this work is to adapt the seminal idea of [1] to NP-hard scheduling problems
that satisfy the following property: for a given set of jobs J , the optimal solution for J is
the best concatenation of optimal solutions for X and J \ X among all X ⊂ J such that
|X| = |J |/2 (modulo an additive term that arises in the concatenation). This adaptation requires
to introduce a pseudo-polynomial term in the state space of the dynamic programming as well as
the aforementioned additive term. We thus obtain an extension of the Dynamic Programming
Across the Subsets (DPAS) that many scheduling problems satisfy [7]. Herein, we focus on three
single-machine scheduling problems (1|d̃j |

∑
j wjCj , 1||∑j wjTj and 1|prec|∑j wjCj) and show

that our bounded-error hybrid quantum-classical algorithm improves the best-known classical
exponential complexities, where in some cases a pseudo-polynomial factor

∑
pj appears.
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2 Dynamic programming for scheduling

Our problems of interest are scheduling problems where solutions are described by permutations
of jobs in [n] := {1, . . . , n} for n ∈ N, and that satisfy a certain property discussed below (see
Property 2). Let P be the nominal problem we want to solve. We introduce next a family of
problems related to P that will be instrumental in deriving the dynamic programming recursion.
Let T be a set of non-negative integers containing 0. We define the family of problems indexed
by J ⊆ [n] and t ∈ T :

P (J, t) : min
π∈Π(J,t)

f(π, J, t) , (1)

where Π(J, t) ⊆ SJ is the set of feasible permutations of J according to potential constraints and
f(., J, t) is the objective function. We note OPT[J, t] the optimal value of P (J, t). With these
notations, the nominal problem P is P ([n], 0). We suppose in what follows that P can be solved
by DPAS (Dynamic Programming Across the Subsets). It means that the family of problems
must satisfy the following DPAS property.

Property 1 (DPAS). Let t0 ∈ T . Problem P ([n], t0) can be solved by DPAS if there exists a
function h : 2n × [n]× T → R, computable in polynomial time, such that the following holds:

OPT[J, t0] =





min
j∈J

{
OPT[J \ {j}, t0] + h(J, j, t0)

}
∀J ⊆ [n]

OPT[∅, t0] = 0
(2)

Notice the presence of the additional parameter t0 in the above definitions, which is typically
absent in the scheduling literature. The use of that extra parameter defined in Equation (1) and
in Property 1 shall be necessary later when applying our hybrid algorithm. We can show that
DPAS solves P in O∗(2n).

In this paper, we consider a family of problems that not only satisfy Property 1 but also the
Dichotomic DPAS property below.

Property 2 (Dichotomic DPAS). Let t0 ∈ T . Problem P ([n], t0) can be solved by Dichotomic
DPAS if there exist three functions t1 : 2n×2n×T → T , t2 : 2n×2n×T → T and g : 2n×2n×T →
R, computable in polynomial time, such that, for all J ⊆ [n] of even cardinality:

OPT[J, t0] = min
X⊆J

|X|= |J|
2

{
OPT[X, t1(J,X, t0)] + g(J,X, t0) + OPT[J \X, t2(J,X, t0)]

}
(3)

Notice that if P (X, t) is infeasible, then by convention OPT[X, t] = +∞. Furthermore,
differently from the previous recurrence (2), recurrence (3) now calls OPT[X ′, t′] for t′ that may
be different than t0. Thus, Dichotomic DPAS solves P in O∗(|T | · C(n)) where C(n) = ω(2n).

Solving P using only Dichotomic DPAS is worse than using only DPAS. However, we describe
in the next section a hybrid algorithm we call Quantum Dichotomic DPAS (Q-DDPAS) that
improves the complexity of solving P by combining DPAS and Dichotomic DPAS with Grover
search. Before introducing this algorithm, we illustrate the Dichotomic DPAS property on the
scheduling problem with deadline constraints and minimization of the total weighted completion
time.

Example 3 (Minimizing the total weighted completion time with deadlines). For each job j ∈
[n], we are given a weight wj, a processing time pj, and a deadline d̃j. We note p(J) =

∑
j∈J pj

and T = J0, p([n])K. For each J ⊆ [n] and t ∈ T , we consider the problem P (J, t) where

Π(J, t) = {π ∈ SJ |Cj(π) ≤ d̃j − t ,∀j ∈ J} ,
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where Cj is the completion time of job j, and for π ∈ Π(J, t):

f(π, J, t) =
∑

j∈J
wj(Cj(π) + t) .

P (J, t) represents the problem of finding the best feasible solution for jobs in J supposing that
starting time is t, and not 0 as usual. Our problem of interest is P = P ([n], 0) , often referred to
as 1|d̃j |

∑
j wjCj in the scheduling literature. It can be solved by DPAS with Equation (2) for

∀J ⊆ [n],∀j ∈ J, ∀t ∈ T, h(J, j, t) =

{
wj(p(J) + t) if d̃j ≥ p(J) + t

+∞ else

where the computation of h is polynomial (linear). This family of problems also satisfies the
Dichotomic DPAS property. Indeed, Equation (3) is valid for the following functions:

∀X ⊆ J ⊆ [n] s.t. |X| = |J |/2,∀t ∈ T, t1(J,X, t) = t

t2(J,X, t) = t + p(X)

g(J,X, t) = 0

We study two other one-machine scheduling problems and can show that they also satisfy
the Dichotomic DPAS property. Specifically, we tackle 1||∑j Tj (for which T = J0, p([n])K) and
1|prec|∑j wjCj (for which T = {0}). Thus, we have three scheduling problems that can be
solved by our hybrid algorithm described below.

3 Hybrid quantum-classical algorithm

In this section, we introduce a hybrid bounded-error algorithm called Quantum Dichotomic
DPAS (Q-DDPAS) that solves scheduling problems satisfying the Dichotomic DPAS property.
It is an adaptation of the algorithm in [1]. Our algorithm is expressed in the gate-based quantum
computing model and assumes to have random access to quantum memory (QRAM). We under-
line that this latter assumption is strong because QRAM is not available on current universal
quantum hardware and is not expected to be so in the near future. Before describing Q-DDPAS,
let us introduce the Quantum Minimum Finding (QMF) subroutine.

Definition 4 (Quantum Minimum Finding). Let f : [n] → Z be a function. The Quantum
Minimum Finding (QMF) algorithm [4] computes with high probability the minimum value of f .
Its complexity is O (

√
n · Cf (n)), where O(Cf (n)) is the complexity of computing one value of f .

Without loss of generality, we assume that 4 divides n. The hybrid quantum-classical algo-
rithm Q-DDPAS consists of two steps. First, we compute classically by DPAS the optimal values
of all subproblems scheduling with n

4 jobs. Second, we call recursively two times QMF to find
optimal values of subproblems scheduling with n

2 jobs and eventually with n jobs (corresponding
to the initial problem). Specifically,

1. Classical part. For each X ⊂ [n] of size n/4 and all t ∈ T , compute OPT[X, t] by classical
DPAS. Store the results in the QRAM.

2. Quantum part.
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(a) Apply QMF to find OPT[[n], 0] with Equation (3)

(b) To get values for the QMF above (OPT[J, t] for J ⊂ [n] of size n/2 and t ∈ T ), apply
QMF with Equation (3)

(c) To get values for the QMF above (OPT[X, t′] for X ⊂ [n] of size n/4 and t′ ∈ T ), get
them on the QRAM

Theorem 5. The bounded-error Q-DDPAS algorithm solves P in O∗(|T | · 1.754n).

We summarize in Table 1 the complexities of solving the scheduling problems studied in Section 2
with Q-DDPAS and compare them with the complexities of the best-known current classical
algorithms. Q-DDPAS improves the complexity of the exponent but sometimes at the cost of a
pseudo-polynomial factor.

Problem Quantum-DDPAS Best classical algorithm

1|d̃j |
∑

wjCj O∗ (
∑

pj · 1.754n) O∗(2n) (Classical DPAS)

1||∑wjTj O∗ (
∑

pj · 1.754n) O∗(2n) (Classical DPAS)

1|prec|∑wjCj O∗ (1.754n) O∗((2− ϵ)n), for small ϵ [3]

Table 1: Comparison of complexities between our hybrid algorithm Quantum-DDPAS and the
best-known classical algorithm.
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1 Introduction

Nowadays, optical transport networks are facing a serious challenge related to the exponential
growth of global communication services and networking. To deal with this, a new architecture
called Spectrally Flexible Optical Network (SFON) has been presented as promising technology
because of its flexibility, scalability, efficiency, reliability, and survivability compared with the
traditional FixedGrid Optical Wavelength Division Multiplexing (WDM) networks. Addressing
the problem of survivability in SFONs is of great interest. In this work, we focus on a variant
of the well known Routing and Spectrum Assignment problem (RSA), namely the Survivable
Constrained-Routing and Spectrum Assignment (SC-RSA). Here we consider the dedicated pro-
tection routing scheme such that a backup path and capacity are provisioned in advance for each
traffic demand. The SC-RSA is NP-hard and more challenging than the RSA which is already
known to be NP-hard [2]. It can be stated as follows. Consider an optical spectrum of s̄ ∈ Z+

available contiguous frequency slots, denoted by S = {1, . . . , s̄}. A survivable SFON topology
can be represented by an undirected, loopless, and two-edge-connected graph G = (V,E), with
lengths `e ∈ R+ (in kms) and costs ce ∈ R+ on the edges e ∈ E such that each fiber-link
e ∈ E is associated with s̄ ∈ N+ contiguous slots numbered from 1 to s̄. Let K be a set of
non-splittable traffic demands. Each demand k ∈ K has an origin node ok ∈ V , a destination
node dk ∈ V \ {ok}, a slot-width wk ∈ Z+, and a transmission-reach ¯̀

k ∈ R+ (in kms).
The SC-RSA consists in determining for each demand k ∈ K two edge-disjoint (ok,dk)-path
respectively called primary path and backup path (2-connectivity and non-splittable demands
constraints) with total length smaller than ¯̀

k (transmission-reach constraint). Moreover, for
each demand k ∈ K two intervals Sk and S′k of wk consecutive frequency slots should be selec-
ted along its primary path and backup path respectively (contiguity and continuity constraints).
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If two demands have their primary (backup) paths non disjoint, than they cannot share any slot
over the shared edges (non-overlapping constraints).
The problem aims at minimizing the total cost of the edges selected for routing the demands K.
The main purpose of this work is to provide a polyhedral analysis of the SC-RSA problem and
using this, devises cutting plane and column generation algorithms for solving the problem. For
this, we first give an integer linear programming formulation called cut formulation, and inves-
tigate the associated polytope. We then identify several classes of valid inequalities and propose
separation routines. Using these results, we develop a Branch-and-Cut (B&C) algorithm for the
problem. Moreover, we introduce an extended integer linear programming formulation, called
path formulation. We devise a column generation algorithm to solve its linear relaxation. Based
on this, we also develop a Branch-and-Cut-and-Price (B&C&P) algorithm for the problem.

2 Cut Formulation and Branch-and-Cut Algorithm

First, we introduce an integer linear programming formulation for the SC-RSA problem
based on the so-called cut inequalities. For k ∈ K and e ∈ E, let xke (resp. bke) be a binary
variable which takes 1 if the primary path (resp. backup path) of demand k goes through the
edge e and 0 if not. For k ∈ K and s ∈ S, we consider the binary variable zks (resp. vks ) which
takes 1 if slot s is the last slot allocated to the primary routing (resp. backup routing) of demand
k and 0 if not. For each k ∈ K, e ∈ E and s ∈ S, let tke,s be a binary variable which takes 1 if
the slot s is the last slot allocated to demand k over edge e by its primary or backup path and
0 if not. For each e ∈ E, let ue be a design variable which takes 1 if edge e is selected in the
routing of the demands, and 0 if not. The SC-RSA problem is equivalent to the following ILP

min
∑

e∈E
ceue, (1)

∑

e∈δ(X)

xke ≥ 1, ∀k ∈ K,∀X ⊂ V such that |X ∩ {ok, dk}| = 1, (2)

∑

e∈δ(X)

bke ≥ 1,∀k ∈ K,∀X ⊂ V such that |X ∩ {ok, dk}| = 1, (3)

xke + bke ≤ ue, ∀k ∈ K,∀e ∈ E, (4)
∑

e∈E
lex

k
e ≤ ¯̀

k, ∀k ∈ K, (5)

∑

e∈E
leb

k
e ≤ ¯̀

k,∀k ∈ K, (6)

wk−1∑

s=1

(zks + vks +
∑

e∈E
tke,s) = 0,∀k ∈ K, (7)

s̄∑

s=wk

zks = 1,∀k ∈ K, (8)

s̄∑

s=wk

vks = 1,∀k ∈ K, (9)

xke + zks − 1 ≤ tke,s, ∀k ∈ K,∀e ∈ E,∀s ∈ S, (10)

bke + vks − 1 ≤ tke,s,∀k ∈ K,∀e ∈ E,∀s ∈ S, (11)
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s̄∑

s=wk

tkes − xke − bke = 0,∀k ∈ K,∀e ∈ E, (12)

∑

k∈K

min(s+wk−1,s̄)∑

s′=s

tke,s′ ≤ ue,∀e ∈ E,∀s ∈ S, (13)

xke , b
k
e ≥ 0,∀k ∈ K,∀e ∈ E, (14)

zks , v
k
s ≥ 0,∀k ∈ K,∀s ∈ S, (15)

tke,s ≥ 0,∀k ∈ K,∀e ∈ E,∀s ∈ S, (16)

0 ≤ ue ≤ 1, ∀e ∈ E, (17)

xke , b
k
e ∈ {0, 1},∀k ∈ K,∀e ∈ E, (18)

zks , v
k
s ∈ {0, 1},∀k ∈ K,∀s ∈ S, (19)

tke,s ∈ {0, 1},∀k ∈ K,∀e ∈ E,∀s ∈ S. (20)

Inequalities (2) (resp. (3)) ensure that there is a primary (ok, dk)-path (resp. backup (ok, dk)-
path) for each demand k. Inequalities (4) express the 2-connectivity constraints. Inequalities (5)
and (6) express the length limit on the primary and backup paths. Equations (7) express the
fact that a demand k cannot use slot s ≤ wk − 1 as the last-slot. Inequalities (8) (resp. (9))
ensure that exactly one slot s ∈ {wk, . . . , s̄} must be assigned to demand k as last-slot along its
primary path (resp. backup path). Inequalities (10), (11) and (12) capture the fact that when a
slot s is said to be used as last-slot by demand k over an edge e if slot s is the last-slot assigned
for demand k along its primary or backup path passed through edge e. Inequalities (13) express
the non-overlapping constraints. They ensure that every slot s over edge e can be assigned to
at most one demand k ∈ K. Inequalities (14)-(17) are the trivial inequalities, and constraints
(17)-(20) are the integrality constraints.
This formulation contains a polynomial number of variables, and an exponential number of
constraints that are separable in polynomial time using network flow algorithms.
We describe several classes of valid inequalities for the associated polytope. Some of these in-
equalities are obtained by using conflict graphs related to the problem : clique inequalities and
odd-cycle inequalities. Further inequalities are induced by cuts and covers related to some capa-
city constraints. We further study the related separation problems and devise separation routines
for these inequalities. Based on these results, we devise a Branch-and-Cut algorithm to solve the
problem along with a computational study will be presented.

3 Extended Formulation and Branch-and-Cut-and-Price Algo-
rithm

Next, we introduce an extended formulation for the problem based on the so-called path
variables. For this, we consider for each k ∈ K, p ∈ P k and s ∈ S, a binary variable ykp,s (resp.

fkp,s) which takes 1 if slot s is the last slot allocated along the primary path p (resp. backup

path) of demand k and 0 if not, where P k denotes the set of all feasible (ok,dk)-paths in G such
that the total length of each path p ∈ P k does not exceed ¯̀

k. This formulation shares with the
cut formulation the variables xke , b

k
e , t

k
e,s, ue, constraints (4), (5), (6), (12), (13), (14), (16), (17),

and objective function (1). We also consider some additional constraints related to the path
variables as follows.
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∑

e∈E

wk−1∑

s=1

tke,s +
∑

p∈Pk

wk−1∑

s=1

(ykp,s + fkp,s) = 0, ∀k ∈ K, (21)

∑

p∈Pk

s̄∑

s=wk

ykp,s = 1, ∀k ∈ K, (22)

∑

p∈Pk

s̄∑

s=wk

fkp,s = 1,∀k ∈ K, (23)

∑

p∈Pk(e)

s̄∑

s=wk

ykp,s = xke , ∀k ∈ K,∀e ∈ E, (24)

∑

p∈Pk(e)

s̄∑

s=wk

fkp,s = bke ,∀k ∈ K,∀e ∈ E, (25)

∑

p∈Pk(e)

(ykp,s + fkp,s) = tke,s, ∀k ∈ K,∀e ∈ E,∀s ∈ S. (26)

where P k(e) denotes set of all feasible (ok,dk) paths of demand k going through edge e in G.
Equations (21) force each slot s ∈ {1, ..., wk − 1} to not be used as last-slot for demand k along
its primary and backup paths. Inequalities (22) ensure that exactly one slot s ∈ {wk, . . . , s̄} is
assigned as last-slot for demand k, and exactly one single primary path from P k is allocated by
each demand k ∈ K (same thing for backup path as shown by inequalities (23)). Equations (24)
(resp. (25)) and (26) express the use of an edge e ∈ E by demand k, and the assignment of slot
s as last-slot by demand k over an edge e.
This formulation contains a huge number of variables. We, therefore, use a column generation
algorithm to solve its linear relaxation. The pricing problem consists in solving the Resource
Constrained Shortest Path (RCSP) problem which is well known to be weakly NP-hard [1].
For this, we propose a pseudo-polynomial time based dynamic programming algorithm. This
consists in finding the minimum-cost path for each demand k ∈ K and slot s ∈ {wk, ..., s̄} while
satisfying the transmission-reach constraint. The complexity of this algorithm is bounded by
O(|E|.¯̀k) for each demand k ∈ K.
Notice that all the different valid inequalities of the cut formulation, are still valid for the path
formulation. Based on these results, we devise a Branch-and-Cut-and-Price algorithm for solving
the problem along with a computational study will be presented.
Finally, we will present a deep comparative study between the two approaches B&C and B&C&P
using large-scale instances. It would be interesting to further investigate another scheme of
survivability based on the shared backup path protection technique such that multiple backup
paths can share frequency slots if their corresponding primary paths do not share any edge. This
means that the corresponding demands do not share any common failures.
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1 Abstract

Explaining why the simplex method is fast in practice, despite it taking exponential time

in the theoretical worst case, continues to be a challenge. Smoothed analysis is a paradigm for

addressing this question. During my talk I will present recent progress in the smoothed complexity

of the simplex method, discussing both upper and lower bounds.
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1 Abstract

The quickest route problem is di�erent of the shortest path problem. It is the problem to

which is confronted the driver who wants to go from the point A to the point B with a car.

However, if for the thermic cars the solutions of shortest path are a good approximation of the

ones of quickest route, for an electric car, to use the solution of the shortest path problem without

care, can yield to aberrations.
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Introduction

Dans un graphe G = (V,E) simple non orienté, un stable (resp. co-2-plexe) est un ensemble
de sommets dont le sous-graphe induit contient seulement des sommets de degré au plus 0 (resp.
1). Une clique (resp. 2-plexe) est un ensemble de sommets induisant un sous-graphe dont le
complémentaire est un stable (resp. co-2-plexe).Etant donné un poids associé aux sommets de
G, le problème du co-2-plexe maximal consiste à déterminer un co-2-plexe maximisant la somme
des poids de ses sommets. Trouver un co-2-plexe maximal est un problème NP-difficile qui se
rencontre dans la littérature pour l’analyse de communautés dans les réseaux sociaux [1, 2].
Dans [3], il est proposé de résoudre le problème en recherchant, pour un chacun des sommets,
le co-2-plexe de poids maximal le contenant, impliquant de résoudre |V| fois le problème sur
différents sous-graphes induits. De manière analogue à la formulation PLNE par les contraintes de
cliques pour le problème de stable de poids maximum, une formulation PLNE par les contraintes
de 2-plexes existe pour le problème de co-2-plexe de poids maximum. McClosky et Hicks ont
prouvé que la relaxation linéaire de cette formulation est entière seulement pour les 2-plexes,
chemins, trous de taille multiple de 3, et les co-2-plexes [4].

1 Fromulation étendue

Dans cette première partie, nous introduisons le total augmented graphe de G, noté T̃ (G),
dans lequel l’ensemble des stables est en bijection avec l’ensemble des co-2-plexes de G. Cette
bijection nous permet d’obtenir des résultats sur le problème du co-2-plexe maximal à partir
de résultats connus pour le problème du stable de poids maximal. Nous obtenons en particulier
une formulation étendue compacte pour le polytope des co-2-plexes d’un graphe cordal i.e. d’un
graphe n’ayant aucun trou de taille 4 ou plus comme sous graphe induit :

Théorème 1. Un graphe G est chordal si et seulement son polytope des co-2-plexes et décrit par
la formulation suivante :





x(K)− y(E(K)) ≤ 1 ∀K clique de G
y(δu) ≤ xu ∀u ∈ V
ye ≤ 0 ∀e ∈ E
−xu ≤ 0 ∀u ∈ V

Le Théorème 1 prouve la polynomialité du problème de co-2-plexe maximal sur les graphes
cordaux (et aussi celle de la recherche d’un co-2-plexe avec des poids à la fois sur les sommets et
les arêtes grâce aux variables additionnelles) .
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Figure 1 – Expanded antihole

2 Graphes contractions parfaits

Dans cette seconde partie, nous investigons une nouvelle classe de graphes que nous appellons :
les graphes contractions parfaits et définie comme l’ensemble des graphes parfaits, i.e. des graphes
ne contenant aucun trou ni antitrou impair, qui restent parfaits après contraction de n’importe
quel ensemble d’arêtes, pour F ⊆ E, nous noterons G/F le graphe obtenue à partir de G en
contractant F . Nous proposons aussi plusieurs caractérisations de cette classe de graphes, dont le
Théorème 2 donne la plus surprenante : comme les graphes parfait sont reconnaissables en temps
polynomial [5], on déduit directement un algorithme de reconnaissance des graphes parfaits qui
restent parfait par contraction de n’importe quelle arête, cependant, détecter les graphes qui
restent parfait après contraction de n’importe quel ensemble d’arêtes semble plus compliqué, ce
théorème permettra d’affirmer que ces deux classes de graphes coincident, et donc, que ces deux
problèmes de reconnaissance sont alors non seulement équivalents mais identiques.

Théorème 2. Soit G un graphe parfait, G/F est parfait pour tout F ⊆ E si et seulement si
G/e est parfait pour tout e ∈ E

Nous définissons aussi une nouvelle structure de graphes, les expanded antihole 1 ; c’est un
ensemble de sommets dont le sous graphe induit est composé d’un anti chemin pair (w1, . . . , wp) et
d’une arête uv dont les extrémités sont respectivement adjacentes à (w2, . . . , wp−2) et (w3, . . . , wp−1).
Le théorème 2 nous permet alors de réduire l’ensemble des candidats potentiels pour une carac-
térisation par sous graphes induits interdits jusqu’à obtenir le théorème suivant :

Théorème 3. Un graphe est contraction parfait si et seulement s’il ne contient ni trou de taille
5 ou plus, ni expanded antihole, ni anti trou impair.

On prouve aussi que cette caractérisation est minimale au sens de l’inclusion. Le problème du
stable de poids maximum étant polynomial dans les graphes parfaits, le Théorème 4 implique que
le problème du co-2-plexe maximal dans les graphes contraction parfaits est polynomial. Comme
il existe une description du polytope des stables dans les graphes parfaits définie à partir des
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contraintes de cliques du graphe [6], le théorème 4 permet également d’obtenir une formulation
étendue non compacte du polytope des co-2-plexes d’un graphe contraction parfait.

Théorème 4. Un graphe est contraction parfait si et seulement si son total augmented graphe
est parfait.

3 Relations avec d’autres classes de graphes

En troisième et dernière partie nous présentons des liens entre le total augmented graphe
et d’autres familles de graphes connus telles que les splits, i.e. les graphes dont l’ensemble de
sommets est partitionné en une clique et un stable ou encore les trivialement parfaits, i.e. les
graphes ne possédant aucun P4 ni C4 induits.

Théorème 5. Soit G un graphe simple non orienté :
— G est split si et seulement si T̃ (G) l’est
— G est trivialement parfait si et seulement si T̃ (G) l’est
— G est cordal si et seulement si T̃ (G) l’est.

Notons que ces trois familles de graphes sont contractions parfaites et que cette inclusion est
stricte. Ces familles de graphes sont aussi stables par contraction d’une arête.
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1 Introduction

Soit P un graphe motif et T un graphe cible. Le problème de l'isomorphisme de sous-graphes
non-induits consiste à déterminer si l'on peut trouver le motif P dans le graphe T , c'est à dire s'il
existe un graphe partiel de T isomorphe à P . Plus formellement, le problème de l'isomorphisme
de sous-graphes non-induits se ramène à déterminer s'il existe une injection ϕ : VP → VT telle que
pour tout u1, u2 ∈ VP , u1u2 ∈ AT =⇒ ϕ(u1)ϕ(u2) ∈ AT . Ce problème possède des applications
dans le domaine de la reconnaissance de forme.

2 Précédentes formulations

Une première formulation PLNE a été introduite par Le Bodic et Knippel en 2008 pour le
problème de l'isomorphisme de sous-graphes inexact [1, 2]. Ils introduisent les variables binaires
xu,v pour tout u ∈ VP , v ∈ VT qui ont pour valeur 1 si u est associé à v, 0 sinon et les va-
riable binaires yu1u2,v1v2 pour tout u1u2 ∈ AP , v1v2 ∈ AT , qui sont une linéarisation du produit
xu1,v1xu2v2 . La variable yu1u2,v1v2 vaut 1 si l'arête u1u2 est associée à l'arête v1v2.

(LBKl)





min
∑

u∈VP ,v∈VT

d1(u, v)xu,v +
∑

u1u2∈AP ,v1v2∈AT

d2(u1u2, v1v2)yu1v1,u2,v2

tq
∑

v∈VT

xu,v = 1, ∀u ∈ VP

∑

u∈VP

xu,v ≤ 1, ∀v ∈ VT

∑

v1v2∈AT

yu1u2,v1v2 = 1, ∀u1u2 ∈ AP

yu1u2,v1v2 ≤ xu1,v1 ∀u1u2 ∈ AP , v1v2 ∈ AT

yu1u2,v1v2 ≤ xu2,v2 ∀u1u2 ∈ AP , v1v2 ∈ AT

yu1u2,v1v2 ≥ xu1,v1 + xu2,v2 − 1 ∀u1u2 ∈ AP , v1v2 ∈ AT

xu,v ∈ {0, 1} ∀u ∈ VP ,∀v ∈ VT

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

Dans le cas du problème de décision, le choix de la fonction objectif n'a pas d'importance, et l'on
peut prendre d1 = d2 = 0.
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Ils proposent ensuite une meilleure formulation :

(LBK)





min
∑

u∈VP ,v∈VT

d1(u, v)xu,v +
∑

u1u2∈AP ,v1v2∈AT

d2(u1u2, v1v2)yu1v1,u2,v2

tq
∑

v∈VT

xu,v = 1, ∀u ∈ VP

∑

u∈VP

xu,v ≤ 1, ∀v ∈ VT

∑

v1v2∈AT

yu1u2,v1v2 = 1, ∀u1u2 ∈ AP

∑

v2∈N+(v1)

yu1u2,v1v2 = xu1,v1 ∀u1u2 ∈ AP , v1 ∈ VT

∑

v1∈N−(v2)

yu1u2,v1v2 = xu2,v2 ∀u1u2 ∈ AP , v2 ∈ VT

xu,v ∈ {0, 1} ∀u ∈ VP ,∀v ∈ VT

(9)

(10)

(11)

(12)

(13)

(14)

(15)

Nous proposons de renforcer cette formulation en ajoutant une nouvelle famille de contraintes :

∑

u2∈N+(u1)

yu1u2,v1v2 ≤ xu1,v1 ∀u1 ∈ VP , v1v2 ∈ AT

Nous nommerons cette nouvelle formulation LBK+

3 Nouvelles formulations

En s'inspirant de la formulation de Knippel et Le Bodic, nous avons pu proposer la formulation
suivante, qui n'utilise que les variables x (dans la mesure où nous n'utilisons pas de fonction coût
sur les associations d'arêtes) :

(FR)





min
∑

u∈VP ,v∈VT

d1(u, v)xu,v

tq
∑

v∈VT

xu,v = 1, ∀u ∈ VP

∑

u∈VP

xu,v ≤ 1, ∀v ∈ VT

xu1,v1 ≤
∑

v2∈N+(v1)

xu2,v2 , ∀u1u2 ∈ EP , v1 ∈ VT

xu2,v2 ≤
∑

v1∈N−(v2)

xu1,v1 , ∀u1u2 ∈ EP , v2 ∈ VT

xu,v ∈ {0, 1} ∀u ∈ VP , ∀v ∈ VT

(16)

(17)

(18)

(19)

(20)

(21)

Il est possible d'obtenir une meilleure formulation en s'inspirant du polytope d'isomorphisme
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de graphes [4] :

(FC)





min
∑

u∈VP ,v∈VT

d1(u, v)xu,v

tq
∑

v∈VT

xu,v = 1, ∀u ∈ VP

∑

u∈VP

xu,v = 1, ∀v ∈ VT

∑

u1∈N−(u2)

xu1,v1 =
∑

v2∈N+(v1)

xu2,v2 , ∀u2 ∈ VP , v1 ∈ VT

∑

u2∈N+(u1)

xu2,v2 =
∑

v1∈N−(v2)

xu1,v1 , ∀u1 ∈ VP , v2 ∈ VT

xu,v ∈ {0, 1} ∀u ∈ VP , ∀v ∈ VT

(22)

(23)

(24)

(25)

(26)

(27)

Parmi les familles de coupes que nous avons découvertes, nous retenons les coupes de multi-
adjacence : ∑

v2∈K
xu2,v2 ≤

∑

v1∈N−(K)

xu1,v1 ∀(u1, u2) ∈ AP ,K ⊂ VT

Nous donnons un algorithme de séparation polynomial, et montrons que la formulation FR
augmentée des coupes de multi-adjacence est obtenue par la restriction de la formulation LBK
aux variables x.

Nous comparons les relaxations des formulations proposées a�n d'établir le poset suivant :

LBKl

LBK = FR + mult

LBK+

FR

FC

FC + mult

Figure 1 � Comparaison des formulations - F1 → F2 si le polytope relaxé de F1 (restreint à x)
est inclus dans celui de F2

"mult" désigne l'addition des contraintes de multi-adjacence

Nous comparons la formulation LBK+ aux processus de �ltrage des degrés itérés [5], qui
permet de réduire le nombre d'a�ectations de sommets à considérer. Ce processus consiste à
comparer les degrés des sommets pour réduire le nombre d'appariements à considérer. Suite
à la déduction de l'incompatibilité de certaines paires de sommets, il est possible de déduire
de nouveaux appariements incompatibles en analysant le nombre de voisins qui sont toujours
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Figure 2 � Nombre cumulé d'instances résolues en fonction du temps(s)

compatibles. Nous montrons que la formulation LBK+ e�ectue un �ltrage plus poussé que ce
processus.

Nos résultats numériques établissent que la formulation la plus e�cace sur les di�érents jeux
de données est la formulation FC. Bien que ce ne soit pas la formulation avec la meilleure relaxa-
tion, il s'agit de la formulation la plus compacte. La formulation LBK est plus performante que la
formulation LBK+ bien qu'elle ait une moins bonne relaxation et le même nombre de variables.
En revanche, les formulations actuelles sont dominées par les approches par programmation par
contraintes, qui reposent sur le �ltrage des dégrés itérés.
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In this work, we propose to improve the empirical convergence speed of bundle methods
using machine learning. Our proposed model predicts an informed initial value for Lagrangian
multipliers used as a starting point for the bundle method, closer to the optimum and thus
decreases the number of iterations to converge. Our model only needs the MILP formulation
and its linear relaxation in order make the prediction, hence it is quite generic and can be used for
every problem where the linear relaxation is easy to solve but provides poor bounds with respect
to Lagrangian relaxation. We experimentally evaluate our algorithm on the Multi-Commodity
Fixed Charge Network Design Problem, showing an improvement in the performances of the
bundle method.

1 Lagrangian Relaxation

The Lagrangian Relaxation (LR) [1] is a well known method in optimization that allows to relax
some hard constraints but penalizes their violation in the objective function. The amount of
penalization is parametrized by coefficients called Lagrangian Multipliers which give a trade-off
between optimizing the original objective function and satisfying the relaxed constraints. For
each possible Lagrangian multiplier, solving the relaxed problem gives a dual bound and the
Lagrangian Dual problem (LD) consists in determining the Lagrangian multipliers providing the
tightest bound.

More formally, Let P be a MILP of the form:

P = min cx

s.t. Ax = b (1)
Cx = d (2)
x ∈ Rm × Nm (3)

The relaxed Lagrangian problem obtained by dualizing constraints (1) and penalizing their
violation with Lagrangian multipliers π is:

LP (π) = min
x
{cx + π(Ax− b), Cx = d, x ∈ Rm × Nn}, (4)

and the Lagrangian dual problem is defined as:

LD = max
π

LP (π). (5)
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Figure 1: Model structure.

Lagrangian dual problem LD usually provides better bounds than the continuous linear
relaxation (CR) of P and it is generally solved by iterative methods such as the bundle method.
Given an initial value for Lagrangian multipliers, the bundle method iteratively updates their
value using a proximal operator and solving the relaxed problem. The speed of the bundle
method highly depends on different parameters, in particular of the initial value of the Lagrangian
multipliers.

2 Machine Learning Model

In this work, we propose a machine learning model to predict an initial value of the Lagrangian
multipliers to speed up the bundle method.

When the continuous relaxation can be solved efficiently, a good initial value for Lagrangian
multipliers is to take the values of the dual solution corresponding to the relaxed constraints.
Starting from this observation we develop a neural architecture which predicts the deviation from
the dual solution associated to relaxed constraints closer to the optimal Lagrangian multipliers.
This architecture is described in Figure 1.

From an input MILP P , we solve the continuous relaxation (CR) and obtain the corresponding
primal and dual solutions. P is then encoded as a bipartite graph in a similar fashion as in [2]
with the addition of the CR solutions as extra features: variables and constraints constitute
the two disjoint vertex sets and a variable and a constraint are connected if and only if the
variable appears in the constraint with a non-zero coefficient. The graph is labelled both at the
vertex level and the edge level. For each variable node the label is a vector composed of the
coefficient of the variable in the objective function and the value of the variable in the primal
CR solution. For each constraint node, the label is a vector composed of the bias, i.e. the value
on the right hand-side of the constraint, and the value of the CR dual solution corresponding to
the constraint. Each edge (v, c) is labelled by the coefficient of variable v in constraint c.

We then encode this structure with a Graph Convolution Network (GCN) [3] in order to
take into account the interactions between variables and constraints. This step outputs a vector
representation for each variable and each constraint. We extract the vector representations of
the relaxed constraints and pass them through a Multilayer Perceptron (MLP) to predict the
deviation from the dual CR solution.

We train the parameters of the networks (both the GNN and the MLP) in an end-to-end
fashion by maximizing the average over the training set of the objective value of LP , defined
in (4), using the prediction of the model as multipliers. This is an instance of the Energy Loss
as defined in [4].
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3 Evaluation

We evaluate our approach on the following problem. Given a network with arc capacities and
fixed costs, a set of demands, and routing costs demanding on arcs and demands, the Multi-
Commodity Fixed-Charge Network Design Problem consists in determining a subset of arcs en-
suring the routing of the demands from their source to their target at minimum cost, this latter
being the sum of the fixed costs of the selected arcs plus the routing cost. This problem is
challenging and usually tackled with Lagrangian relaxation based methods [5].

We consider the classic Lagrangian relaxation obtained by dualizing the flow conservation
constraints. The relaxed problem can then be decomposed by arc and reduced to solve a contin-
uous knapsack. The bundle solver used to solve the Lagrangian dual problem is the state of the
art bundle solver SMS++ 1.

Our machine learning model is trained on different datasets. In each dataset, the network
is the same and is based on an instance of Canad [6]. Demands (their number, source, target
and volume) differ in all examples inside a dataset. Each dataset is split into training, validation
and tests parts. For each dataset, once the networks trained, we use the prediction to initialize
the Lagrangian multipliers inside SMS++. Experiments show that our approach always improve
upon standard initialization.
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